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Zusammenfassung
Im Rahmen dieser Arbeit werden Elektronenstreuexperimente an Anregungen
in 92Zr und 94Zr bei niedriger Energie in einem Impulsu¨bertragsbereich q =
0.3 − 0.6 fm−1 am S-DALINAC durchgefu¨hrt. Die Natur der Einphonon-
symmetrischen und -gemischtsymmetrischen 2+ Zusta¨nde in 92Zr wurde durch
einen Vergleich mit Vorhersagen des Quasiteilchen-Phonon Modells (QPM) un-
tersucht. Theoretische (e, e
′
) Wirkungsquerschnitte wurden im Rahmen der Born-
schen Na¨hrung fu¨r verzerrte Wellen berechnet, um den Effekt der Coulomb-
wechselwirkung zu beru¨cksichtigen. Die reduzierten B(E2) U¨bergangssta¨rken
der Einphonon-Quadrupolzusta¨nde und des Einphonon-Oktupolzustandes wur-
den extrahiert. Die A¨hnlichkeit der Impulsu¨bertragsabha¨ngigkeit der Formfak-
toren der 2+ Zusta¨nde besta¨tigt die Einphonon-Struktur des 2+2 Zustandes in
92Zr.
Eine neue Methode basierend auf der Bornschen Na¨hrung fu¨r ebeneWellen (PWBA)
fu¨r eine modellunabha¨ngige Bestimmung des Verha¨ltnisses der E2 U¨bergangssta¨r-
ken der symmetrischen (FSS) und gemischtsymmetrischen (MSS) Einphonon-
Anregungen in schweren Vibrationskernen wurde entwickelt. Wegen der Empfind-
lichkeit der Elektronenstreuung auf Ladungsverteilungen, kann die Differenz der
beiden Zusta¨nde bestimmt werden. Die Grundannahmen (Unabha¨ngigkeit von
dem Verha¨ltnis der Coulombkorrekturen und von den absoluten Werten der Ra-
dien) wurde im Rahmen des Tassie-Modell getestet, das keine spezifischen An-
nahmen u¨ber die Struktur der Zusta¨nde außer der Forderung von Kollektivita¨t
des U¨bergangs macht. Es wird gezeigt, dass eine PWBA Analyse der Form-
faktoren, die in der Regel fu¨r schwere Kerne nicht haltbar ist, in einer rela-
tiven Analyse mo¨glich ist. Dies ist ein neuer viel versprechender Ansatz, um
die Grundzustandsu¨bergangssta¨rke fu¨r 2+ MSS in Vibrationskernen mit einer
Genauigkeit zu bestimmen, die nur von den experimentellen Informationen u¨ber
die B(E2; 2+1 → 0+1 ) Sta¨rke begrenzt ist.
Der PWBA Ansatz liefert weiterhin Informationen u¨ber die Protonu¨bergangs-
radiendifferenz der jeweiligen Zusta¨nde und damit unabha¨ngige Informationen
u¨ber den gemischtsymmetrischen Charakter von 2+-Zusta¨nden und die Vorzei-
chenwechsel der dominanten Valenzschalenkomponenten zwischen FSS und MSS.
Fu¨r 92Zr ist die Protonenu¨bergangsradiendifferenz im Rahmen eines Fehlers von
etwa 0.5 fm mit Null vertra¨glich. Dies ist in U¨bereinstimmung mit Vorhersagen,
dass in diesem Fall die Neutronenkomponente einen Vorzeichenwechsel zeigt. Die
extrahierte B(E2) Sta¨rke des U¨bergangs in den 2+2 Zustand in
94Zr ist kleiner als
der B(E2) Wert des 2+1 Zustandes im Gegensatz zu einer fru¨heren, aber in U¨bere-
instimmung mit einem neuen (n,n
′
γ) Experiment. Die U¨bergangsradiendifferenz
in 94Zr von −0.24(34) fm ist mit Null vertra¨glich.
Eine Analyse von zusa¨tzlich verfu¨gbaren Daten in 94Mo zeigt, dass die Impulsu¨ber-
tragsabha¨ngigkeit der Coulombkorrekturen zu einem Unterschied von mehr als
10% zwischen dem niedrigsten und dem ho¨chsten gemessenen Impulsu¨bertrag
fu¨hrt. Wenn dies mit Hilfe des Tassie-Modells korrigiert wird, erha¨lt man einen
von Null verschiedenen Wert der U¨bergangsradiendifferenz ∆R = −0.13(5) fm.
Dies kann als Zeichen einer gro¨ßeren Amplitude der fu¨hrenden Proton-Zweiquasi-
teilchenkomponente in der Wellenfunktion des gemischtsymmetrischen 2+ Zus-
tandes interpretiert werden. Das B(E2)-Verha¨ltnis fu¨r 94Mo, 0.193(1), unter-
scheidet sich von dem Literaturwert, 0.138(2).
Summary
In the framework of this thesis electron scattering experiments on low-energy
excitations of 92Zr and 94Zr were performed at the S-DALINAC in a momen-
tum transfer range q = 0.3 − 0.6 fm−1. The nature of one-phonon symmetric
and mixed-symmetric 2+ and 3− states of 92Zr was investigated by comparison
with predictions of the quasi-particle phonon model (QPM). Theoretical (e, e
′
)
cross sections have been calculated within the distorted wave Born approximation
(DWBA) to account for Coulomb distortion effects. The reduced strengths of the
one-quadrupole phonon states and the one-octupole phonon state have been ex-
tracted. The similarity of the momentum-transfer dependence of the form factors
between the 2+ states supports the one-phonon nature of the 2+2 state of
92Zr.
A new method based on the Plane Wave Born Approximation (PWBA) for a
model-independent determination of the ratio of the E2 transition strengths of
fully symmetric (FSS) and mixed-symmetry (MSS) one-phonon excitations of
heavy vibrational nuclei is introduced. Due to the sensitivity of electron scattering
to charge distributions, the charge transition-radii difference can be determined.
The basic assumptions (independence from the ratio of Coulomb corrections and
from absolute values of transition radii) are tested within the Tassie model, which
makes no specific assumptions about the structure of the states other than col-
lectivity. It is shown that a PWBA analysis of the form factors, which usually
fails for heavy nuclei, can nevertheless be applied in a relative analysis. This is a
new promising approach to determine the ground state transition strength of the
2+ MSS of vibrational nuclei with a precision limited only by the experimental
information about the B(E2; 2+1 → 0+1 ) strength.
The PWBA approach furthermore provides information about differences of the
proton transition radii of the respective states, containing independent infor-
mation about the mixed-symmetry character of 2+ states and the sign change
of leading valence shell components between FSS and MSS. For 92Zr, the proton
transition radii difference of the 2+1 and 2
+
2 states agree with zero within about 0.5
fm, consistent with predictions of a sign change of the leading neutron component
in the wave function of the mixed-symmetry 2+2 state, while the leading proton
components remain unchanged. The extracted B(E2) strength of the transition
of the 2+2 state of
94Zr using the new method is smaller than the B(E2) value
of the 2+1 state in contrast to a previous but in agreement with a recent (n,n
′
γ)
experiment. The transition radii difference in 94Zr is −0.24(34) fm compatible
with zero. Additional data available on 94Mo were analyzed showing that the
momentum transfer dependence of Coulomb corrections leads to a difference of
more than 10% between the lowest and the highest measured momentum transfer.
If corrected by the Tassie model, a transition radii difference ∆R = −0.13(5) fm
differing from zero is found. This can be interpreted as a sign of an increase of the
leading proton two-quasiparticle component in the wave function of the mixed-
symmetry 2+ state. The B(E2) ratio for 94Mo, 0.193(1), differs from literature,
0.138(2).
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1 Introduction
Collectivity, isospin symmetry and shell structure are generic features of many-
body quantum systems that consist of two components as e.g. protons and
neutrons in the case of heavy atomic nuclei. The study of collective nuclear
valence-shell excitations is a useful way to understand how these features coex-
ist, interplay and compete. The development of predominantly proton-neutron
symmetric collective nuclear structures at low excitation energies is dominated
by a comparatively strong residual proton-neutron interaction that implies due to
quantum-mechanical orthogonality the formation of further excited nuclear states
with, at least partial, antisymmetry with respect to the contribution of proton and
neutron valence-space components to their wave functions. Such excited states
are said to have mixed symmetry [1]. The investigation of mixed-symmetry states
(MSSs) is an important source of information on the effective proton-neutron in-
teraction in the valance shell of heavy atomic nuclei [2].
The proton-neutron interactions in the nuclear valence shell and the existence
of isovector valence shell excitations have been discussed in an early paper by
Faessler [3] within the collective model. MSSs have been defined in the frame-
work of the proton-neutron version of the Interacting Boson Model IBM-2 of
Arima et al. [1]. The properties of a deformed nucleus in which protons and
neutrons are described as identical rigid rotors have been studied by Lo Iudice
and Palumbo in terms of the two-rotor model [4].
The first observation of a nuclear MSSs was achieved on the deformed nucleus
156Gd in an electron scattering experiment [5] by A. Richter’s group at the S-
DALINAC in Darmstadt. A strong M1 excitation to a 1+ state at an energy of
about 3 MeV, the so-called scissors mode, was observed. The scissors mode in
heavy nuclei mostly does not appear as an isolated state but is fragmented over
several 1+ states that carry the total M1 strength. Subsequently the scissors
mode has been extensively studied in electron and photon scattering experiments
on deformed nuclei and interpreted in phenomenological and microscopic mod-
els [6].
Since they are predicted as a global property of nuclei, the interests in the mixed-
symmetry states is not limited to the scissors mode but are also important in
weakly deformed and vibrational nuclei, which are the focus of this thesis. The
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first example for a weakly collective 2+ms one-quadrupole phonon state was sug-
gested by Hamilton et al., [7] from the analysis of the E2/M1 multipole mixing
ratios in the N = 84 isotons. This kind of mixed-symmetry states was predicted
by Iachello [8] in the proton-neutron version of the Interacting Boson Model IBM-
2 [1], in which the symmetry of a multi-boson wave function formed by Npi proton
bosons and Nν neutron bosons is quantified by the so-called F -spin. States with
F < Fmax = (Npi + Nν)/2 have wave functions that contain at least one pair
of proton and neutron bosons antisymmetric under the exchange of proton and
neutron labels. The signatures of MSS in vibrational nuclei with F = Fmax−1 are
(i) strong M1 transitions to fully symmetric states (FSS) with matrix elements
of about 1µ2N and (ii) weakly collective E2 transitions to FSS.
A pure mixed-symmetry states predicted by the IBM-2 was identified about thir-
teen years ago in 94Mo [9]. A large M1 transition strength between low-energy
states of 94Mo was observed and the multiphonon structure of MSS in vibra-
tional nuclei was confirmed [9–11]. The low-lying 2+ states of 94Mo were also
investigated with electron scattering experiments at the superconducting elec-
tron accelerator S-DALINAC and with proton scattering at iThemba LABS [12].
Momentum-transfer dependence of the one-phonon FSS and MSS excitation cross
sections in 94Mo from electron and proton scattering was compared to IBM-2
and Quasi-Particle Phonon Model (QPM) predictions [13]. Based on the micro-
scopic model results, the structure of the one-phonon states was analyzed in terms
of their main particle-hole configurations. The QPM calculations predicted the
main proton and neutron components in the wave functions of the one-phonon 2+
states to have opposite relative signs which confirmed the picture of the isoscalar
character of the FSS and isovector character of the MSS. The QPM calculations
provided also evidence for the collectivity of the symmetric and mixed symmetry
states, thus the transition densities of the both states are concentrated at the
nuclear surface.
In the neighboring even-even isotone 92Zr with two neutrons outside the N = 50
closed shell and with the Z = 40 subshell closure, a stronger configurational
isospin polarization [14] of the one-phonon states than in 94Mo is expected. This
has recently been discussed in the literature [14–17].
In this thesis a new electron scattering experiment at the S-DALINAC has been
performed on the nucleus 92Zr. In the first step a calculation of the momentum-
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transfer dependence of the form factors for the one-quadrupole phonon states has
been done in the framework of the Quasiparticle Phonon Model. The predictions
of the QPM calculations support the one-phonon structure of the 2+1 and 2
+
2 states
and confirm the predominant isocalar and isovector nature of the symmetric and
mixed symmetry states respectively.
Recent work showed that the collectivity of the low-lying symmetric and mixed-
symmetric quadrupole excitations in vibrational nuclei originate from the cou-
pling of the Giant Quadrupole Resonance (GQR) to the dominant valence-space
configurations located at low energies [18]. Thus, valence space approaches like
the shell model and the IBM-2 cannot account for it but have to include phe-
nomenological effective charges. The calculations within the QPM which cover
the valence part (0~ω shell-model space) as well as the contribution of the GQR
(2~ω shell-model space), allow for a systematic study of the coupling and its rele-
vance for the formation of mixed-symmetric quadrupole phonons. One important
prediction of all microscopic models is a sign change of the dominant valence neu-
tron amplitude of the MSS of 92Zr and 94Mo as compared to the 2+1 state.
Experimental evidence stems from the observation of a difference of the respective
matter-transition radii(deduced from proton scattering) while charge-transition
radii (deduced from electron scattering) were found to be about equal. One of the
aims of this thesis is to determine experimentally the transition radii difference
between the one-phonon symmetric and mixed-symmetry excited states of 92Zr.
A new method is developed which allows a direct extraction of the charge radii
difference of the FSS and MSS from electron scattering data. It is based on a
relative analysis using the Plane Wave Born Approximation (PWBA), which is
usually not applicable in heavy nuclei, however, it is shown to hold for cross
section ratios. The new method is then applied to the neighboring nuclei 94Zr
and 94Mo to test its validity and to study the signature of the transition radii
differences predicted in [18].
In this thesis, Section 2 provides a general description of the mixing between
two states and some definitions in framework of the IBM-2. It gives also a brief
summary of the nuclear structure model used: the QPM. The next section gives
a short background to the description of the method of electron scattering. The
facility at S-DALINAC and the high resolution spectrometer (Lintott) in addition
to the experimental setup for the electron scattering measurements with techni-
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cal details are introduced in section 4. The next section discusses data analyzing
methods for electron scattering. Section 6 discusses the one-phonon structure
of the symmetric and mixed-symmetry 2+ states of 92Zr. A comparison to the
QPM results was used in order to extract the B(E2) strengths for the two states.
Section 7 introduces the new method used to make the (PWBA) applicable for
heavy nuclei. The new method will also be discussed in the framework of the
Tassie model. In the last section we apply the new method to the nuclides 92Zr,
94Zr and 94Mo. The charge transition radii difference between the symmetric and
mixed-symmetry states of the three nuclei are extracted. The thesis closes with
a summary and outlook.
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2 Theoretical background
2.1 Mixed-symmetry states
2.1.1 Two-state mixing
The nuclear many-body eigenvalue problem
Hψ = Eψ (2.1)
is very difficult to solve exactly. An accurate treatment must involve the diago-
nalisation in a large basis that itself is a solution to a simplified Hamiltonian H0
such that
H = H0 +H1 = (T + V0) + V1, (2.2)
and H1 is sufficiently small. The basis states ϕi are the eigenstates of H0
H0ϕi = Eiϕi (2.3)
If we expand ψ in terms of the basic states ϕi that are eigen functions of the
operator H0 with eigenvalues Ei the Hamiltonian equation becomes [19]:

E1 V12 V13 · · · V1n
V21 E2 V23 · · ·
V31 V32 E3 · · ·
: :
Vnl En




ϕ


=


E




ϕ


,
where ψ and E are column vectors whose components are ψi and Ei. By diago-
nalizing the Hamiltonian in the basis ψ the wave functions will be given by
ψk =
∑
i
αki ϕi, (2.4)
where αki are the expansion coefficients for the k-th state obtained from the
diagonalization. The solution is usually very complex and makes it difficult, to
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ΨII
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Figure 2.1: Mixing of two states with initial energy space of ∆Eu [19].
gain a feeling for the underlying physics. In order to keep sight of the basic
physics we will consider a simple two-state mixing. We follow here closely the
notation of Ref. [19]. Fig. 2.1 illustrates a situation in which two initial levels
with energies E1 and E2 have wave functions φ1 and φ2. The two wave functions
interacting with each other through the mixing matrix element 〈φ1 |V |φ2〉, where
V is negative and has attractive nature. The mixing depends on the initial energy
difference and on the matrix element. The final energies EI and EII and wave
functions ΨI and ΨII are obtained by diagonalizing the matrix
E1 V
V E2

,
and the final form of the mixed wave functions is
ΨI =αφ1 + βφ2,
ΨII =− βφ1 + αφ2,
(2.5)
where α2 + β2 = 1 [19]. The mixing depends both on the initial separation
between the two states ∆Eu and on the matrix element, V . A large spacing
between the states reduces the effect of a given matrix element and vice versa, if
states are close in energy, a small matrix element may induce a large mixing. We
can define the ratio
R =
∆Eu
V
, (2.6)
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which is a universal two-states mixing parameter valid for any interaction and
any initial spacing. The shift in energy is then given by
|∆Es|
∆Eu
=
1
2
[√
1 +
4
R2
− 1
]
(2.7)
and the amplitude β is given by
β =
1{
1 +
[
R/2 +
√
1 +R4/4
]2} 12 (2.8)
It is obvious in the Eqs. 2.7 and the mixed amplitudes 2.8 that the final energy
deference and β depend only on R. This means that the same value of R always
gives the same final wave functions, energies, and energy shifts independent of
the nature of the interaction or the initial splitting.
2.1.2 Mixing and transition rates
It is of a interest to discuss the effect of certain types of mixing on the transition
rates. In Fig. 2.2 it is supposed that the 2+1 state has an allowed transition to
the ground state A and the 2+2 state has forbidden transitions to both 2
+
1 and
0+1 states. It is obvious in this case that the only possibility for the 2
+
2 state
22
+
21
+
01
+
F
A
Figure 2.2: Effect of mixing on forbidden transition [19].
to make a transition to the 2+1 and 0
+
1 states, is to mix with the 2
+
1 state. If
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the two 2+ states mix they will share some of the same character and should
be interconnected and some of the strength of the allowed transition should be
distributed to the forbidden one [19]. Using the notation of Fig. 2.1 we can
calculate the πλ moment for the mixed states. For the second state we have〈
2+II|πλ|0+1
〉
=
〈
(−β2+1 + α2+2 )|πλ|0+1
〉
=− β 〈2+1 |πλ|0+1 〉+ α 〈2+2 |πλ|0+1 〉
=− β 〈2+1 |πλ|0+1 〉 ,
(2.9)
since the transition 2+2 → 0+1 is forbidden. Thus the 2+II → 0+1 arises only from
mixing with the 2+1 state. For the 2
+
II → 2+I transition we have〈
2+II|πλ|2+I
〉
=
〈
(−β2+1 + α2+2 )|πλ|(α2+1 + β2+2 )
〉
=− αβ 〈2+1 |πλ|2+1 〉+ αβ 〈2+2 |πλ|2+2 〉
− β2 〈2+1 |πλ|2+2 〉+ α2 〈2+2 |πλ|2+1 〉 .
(2.10)
Since the transition 2+2 → 2+1 is assumed to be forbidden, the last two terms
vanish and 〈
2+II|πλ|2+I
〉
=− αβ 〈2+1 |πλ|2+1 〉+ αβ 〈2+2 |πλ|2+2 〉
= αβ(
〈
2+2 |πλ|2+2
〉− 〈2+1 |πλ|2+1 〉). (2.11)
In the discussion of this result we distinguish between two cases:
1. In the case that the diagonal matrix elements of the unperturbed states〈
2+1,2|πλ|2+1,2
〉
are small, the mixed transition strength should be small also.
2. In the case that the diagonal matrix elements
〈
2+1,2|πλ|2+1,2
〉
are large, we
have then two extreme cases
a) Isoscalar excitation: The two unperturbed states are supposed to be
either protons or neutrons. If they have the same value of the moment〈
2+1 |πλ|2+1
〉
=
〈
2+2 |πλ|2+2
〉
= B, then we have isoscalar excitation.
〈
2+II|πλ|2+I
〉
=αβ(
〈
2+2 |πλ|2+2
〉− 〈2+1 |πλ|2+1 〉)
=αβ(B −B)
= 0
(2.12)
This isoscalar case applies often to E2, E3, · · · transitions, because the
operators are predominantly isoscalar.
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b) Isovector: If the two unperturbed states that are supposed to be either
protons or neutrons, have the same value of the moment with different
sign
〈
2+1 |πλ|2+1
〉
= − 〈2+2 |πλ|2+2 〉 = B
〈
2+II|πλ|2+I
〉
=αβ(
〈
2+2 |πλ|2+2
〉− 〈2+1 |πλ|2+1 〉)
=αβ(B + B)〈
2+II|πλ|2+I
〉
=2αβB
(2.13)
This case often applys to E1, M1, · · · transitions.
2.2 The interacting boson model
2.2.1 s, d Bosons and Operators
The collective behavior of the low lying states can be approximated in the frame-
work of the Interacting Boson model. This model was introduced by Arima und
Iachello in 1975 [20]. The basic assumption of this model is that the low-lying
collective states of medium and heavy even-even nuclei outside the closed shells
are dominated by excitations of the valence protons and neutrons only, while the
closed-shell core is inert [22]. Furthermore, it is assumed, due to the pairing force,
that the protons and neutrons contribute as bosons in the particle configuration
of the low-lying states in which identical particles are coupled together forming
pairs of angular momentum 0 and 2 [21]. Proton (neutron) bosons with angular
momentum 0 are called s-bosons and denoted by spi(sν), while the proton (neu-
tron) bosons with angular momentum 2 are called d-bosons and are denoted by
dpi(dν). The nuclear states have a total number of bosons N = ns + nd , where
ns(d) is the number of s(d) bosons. These two values for angular momentum are
enough for a satisfactory description of several nuclear properties and for more
properties bosons with angular momenta other than 0 or 2 should be included.
In order to achieve a circumstantial description of the nuclear properties a sep-
arate treatment of the proton bosons and neutron bosons is required. This is
included in the proton-neutron version of the Interacting boson model which is
called IBM-2. The number of the proton (neutron) bosons Npi(Nν) is counted
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from the nearest closed shell. If less than half of the valence shell is filled, the
number of the bosons is the number of the pairs of particle, while it is the number
of pairs of holes otherwise. Thus the valence protons and neutrons in medium and
heavy nuclei occupy different major shells, so the contribution of proton-neutron
pairs is negligible and excluded from the IBM-2 [21]. In lighter nuclei valence
protons and neutrons occupy the same major shell and the proton-neutron pairs
have more important contribution in the configuration of the wave function of the
low-lying states. Proton-neutron pairs are included in the IBM-3 and IBM-4 [21].
The sd-IBM-2 can describe nuclear levels of positive parity and even-even nuclei
only. In the sd-IBM the configuration of the states can be written in terms of
the boson creation (s†, d†µ) and boson annihilation (s, dµ) operators
s
†
pi, d
†
pi,µ, s
†
ν , d
†
ν,µ, (µ = 0,±1,±2)
spi, dpi,µ, sν , dν,µ, (µ = 0,±1,±2)
(2.14)
and they satisfy the commutation relations
[
s, s†
]
= 1 (2.15)[
dµ, d
†
ν
]
= δµν , (2.16)
where µ = −2,−1, 0, 1, 2 is the projection quantum number. All other possible
commutators vanish. Instead of the (s, dµ) operators (s˜, d˜µ) are used, because the
tilded annihilation operators do transform as spherical tensors under rotations,
while the dµ do not.
Schematically the Hamiltonian of the IBM-2 has the following form
Hˆ = Hˆpi + Hˆν + Vˆpiν , (2.17)
where Hˆpi and Hˆν are given in the Hamiltonian of the IBM-1 as
Hˆρ = E
(ρ)
0 +
∑
αβ
ǫ
(ρ)
αβb
†
ρ,αbρ,β +
∑
αβγδ
1
2
u
(ρ)
αβγδb
†
ρ,αb
†
ρ,βbρ,γbρ,δ + · · ·, (ρ = π, ν), (2.18)
where b, b† are the boson annihilation and creation operators and α, β, γ, δ codify
additional quantum numbers for angular momentum, isospin, and magnetic sub-
states [23].
Vˆpiν codifies the interaction between proton and neutron bosons. It conserves
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separately the number of proton and neutron bosons, as Hˆρ does, which is a
consequence of the microscopic structure of the bosons and originates from the
conservation of the particle number.
The Hˆρ can be written as
Hˆρ = ǫρnˆdρ + a
ρ
0(Pˆ
†
ρ · Pˆρ) + aρ1(Lˆρ · Lˆρ) + aρ2(Qˆρ · Qˆρ)
+ aρ3(Uˆρ · Uˆρ) + aρ4(Vˆρ · Vˆρ)
(2.19)
where
nˆdρ = (d
†
ρ · d˜ρ),
Pˆρ =
1
2
(d˜ρ · d˜ρ)− 1
2
(s˜ρ · s˜ρ),
Lˆρ =
√
10[d†ρ · d˜ρ],
Qˆρ = [d
†
ρ × s˜ρ + s†ρ × d˜ρ](2) −
1
2
√
7[d†ρ × d˜ρ](2)
Uˆρ = [d
†
ρ × d˜ρ](3)
Vˆρ = [d
†
ρ × d˜ρ](4)
(2.20)
while the proton-neutron interaction Vˆpiν requires additional operators
Qˆ
′
ρ = [d
†
ρ × d˜ρ](2)
Qˆ
′′
ρ = [d
†
ρ × s˜ρ − s†ρ × d˜ρ](2)
(2.21)
2.2.2 F-spin
In analogy to the isospin symmetry of nucleons, the symmetry of a multi-boson
wave function formed by Npi proton bosons and Nν neutron bosons is quantified
by the so-called F -spin quantum number. In this system the proton and neutron
bosons (bpi, bν) are considered as elementary particles and have F = 1/2 with the
z-projection Fz = +1/2 for the proton bosons and the z-projection Fz = −1/2 for
the neutron bosons. The treatment of the bosons as an F -spin doublet imposes
an SU(2) group structure on the transformations of the proton-neutron boson
basis states. For a system of s-and d-bosons only, the generators of this group
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are
Fˆ+ = d
†
pi · d˜ν + s†pi · sν
Fˆ− = d
†
ν · d˜pi + s†ν · spi
Fˆz =
1
2
[d†pi · d˜pi + s†pi · spi − d†ν · d˜ν − s†ν · sν ]
=
1
2
(Nˆpi − Nˆν),
(2.22)
where Nˆpi(ν) is the total proton (neutron) boson number. Fˆ+ and Fˆ− enhance
and lower the Fˆz by one unit. Fˆz is one half of the difference between the proton
and the neutron boson numbers. Analog to angular momentum operators these
generators satisfy the commutation relations[
Fˆz, Fˆ±
]
=± Fˆ±[
Fˆ+, Fˆ−
]
=2Fˆz,
(2.23)
and, consequently, the boson basis states can simultaneous be eigenstates of the
quadratic F -spin operator
Fˆ 2 = Fˆ−Fˆ+ + Fˆz(Fˆz + 1), (2.24)
and the z-component Fˆz of the F -spin operator with eigenvalues F (F + 1) and
Fz, respectively. For this system the maximum F -spin is given by
Fmax =
Npi +Nν
2
≥ F ≥ |Npi −Nν |
2
. (2.25)
States with F = Fmax are the proton-neutron FSSs, while states with F < Fmax =
(Npi+Nν)/2 are the MSSs and have wave functions that contain at least one pair
of proton and neutron bosons antisymmetric under the exchange of proton and
neutron labels [2]. Thus, the investigation of MSSs provide a better understanding
of the pn degrees of freedom in heavy nuclei.
The IBM is a symmetry-based model which contains a vibrational and a rotational
limit [24]. In the sd-IBM-2 unitary transformations among the six s, d states
generates the Lie algebra U(6). In the microscopic interpretation of the s and d
bosons in an even-even nucleus with 2N nucleons, a low-lying collective state is
approximated as an N-boson state. In this case the numbers of s and d bosons
(ns, nd) are not implicitly conserved, their sum ns + nd = N is. In the sd-IBM-2
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the proton bosons span the dynamic group Up(6) and the neutron bosons span
the Un(6) one, every group contains 36 generators. Considering different degrees
of freedom of the proton bosons and neutron bosons is achieved by the direct
product of the two groups,
G = Up(6)⊗ Un(6). (2.26)
This group contains 72 generators. With Np(n) the number of proton(neutron)
bosons the states span the irreducible representation of G: [Np]⊗ [Nn]. The study
of subalgebras allowing the exact diagonalisation of the Hamiltonian. Taking in
to account only the corresponding generators of the groups Up(6) and Un(6), we
generate the group Up+n(6) ⊂ [Np]⊗[Nn] [25]. The states can be the characterized
by the two-row irreducible representation [N − f, f ] of Up+n(6), where N is the
total number of proton and neutron bosons and f = 0, 1, · · ·, min(Np, Nn) which
is used in the definition of the F-spin. The possible subalgebra chains beginning
with Up+n(6) (in the next U(6)) are then:
U(6) ⊃


U(5) ⊃ SO(5) ⊂ SO(3)
SU(3) ⊃ SO(3)
SO(6) ⊂ SO(5) ⊂ SO(3)
(2.27)
that present three different analytical limits, the vibrational U(5) [26], the rota-
tional SU(3) [27] and the γ-unstable SO(6) [28]. The Hamiltonian operator with
up to two-body interactions can be then expressed as a sum of Casimir-operators
for every chain


U(5) : H = κ1C1[U(5)] + κ
′
1C2[U(5)] + κ4C2[SO(5)] + κ5C2[SO(3)]
SU(3) : H = κ2C2[SU(3)] + κ5C2[SO(3)]
SO(6) : H = κ3C2[SO(6)] + κ4C2[SO(5)] + κ5C2[SO(3)].
(2.28)
Every Casmir operator there is associated with conserved quantum numbers,
because in each limit the Hamiltonian is written as a sum of commuting operators.
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The analytical eigenvalue of these Hamiltonians are given as [24]

U(5) : E(nd, τ, L) = κ1nd + κ
′
1nd(nd + 4) + κ4τ(τ + 3) + κ5L(L+ 1)
SU(3) : E(λ, τ, L) = κ2(λ
2 + µ2 + λµ+ 3λ+ 3µ) + κ5L(L+ 1)
SO(6) : E(σ, τ, L) = κ3σ(σ + 4) + κ4τ(τ + 3) + κ5L(L+ 1).
(2.29)
For example, Figure 2.3 shows a spectrum obtained from the U(5) Hamiltonian.
The Fmax states presenting the ones occur in IBM-1, while the Fmax − 1 are the
MSS occurring only in IBM-2. The relevant conserved quantum numbers for the
U(5) symmetry are the number of neutron and proton d-bosons and the angular
momentum.
Figure 2.3: Spectrum of a schematic IBM-2 Hamiltonian with U(5) symmetry
with boson numbers Npi = Nν = 1. The boson wave functions are
displayed, too. |0〉 denotes the boson vacuum and []L denotes tensor
coupling to rank L. (Taken from Pietralla et al. [2])
2.2.3 Transition operators in the IBM-2
The important signatures of 2+ MSS are (i) strong M1 transitions to fully sym-
metric state (FSS) with matrix elements of about 1µ2N [29], while this transition
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is forbidden between the FSSs and (ii) weakly collective E2 transitions to FSS.
Using the multipole operators in Eqs.(2.20) and (2.21) theM1 transition operator
in the IBM-2 can be written as
T (M1) =
√
3
4π
[gpiLpi + gνLν ]µN
=
√
3
4π
[
Npigpi +Nνgν
N
Ltot + (gpi − gν)NpiNν
N
(
Lpi
Npi
− Lν
Nν
)]µN
(2.30)
where Lpi(ν) denotes the angular momentum operator of isospin character and
gpi(ν) is the effective proton (neutron) boson g-factor [2]. Ltot is the total angular
momentum operator which per construction cannot induce transitions between
different states and the second term can only induce M1 transitions between
states which differ by one unit of F -spin. Thus M1 transitions between FSS
states are forbidden. It has been shown by Van Isacker et al. [30] that for a
one-body operator the equation〈
Fmax, j||Tˆρ||Fmax, j ′
〉
= Cjj′Nρ (2.31)
holds. For the transition between two states with the same F -spin F = Fmax we
have for the second term〈
Fmax, If ||Lpi
Npi
− Lν
Nν
||Fmax, Ii
〉
=
CIiIfNpi
Npi
− CIiIfNν
Nν
=CIiIf − CIiIf
= 0.
(2.32)
Consequently, in the sd-IBM-2, M1 transitions are forbidden between any two
FSSs. Therefore the occurrence of M1 transition strength is a unique signature
for states with F-spin F < Fmax, i. e., MSSs. For the U(5) and O(6) F -spin
symmetries of IBM-2 the analytical formula of the magnetic transition strengths
of the transition from the 2+1,ms to the 2
+
1 are given by [2]
B(M1; 2+1,ms → 2+1 )U(5) =
3
4π
(gpi − gν)2 6
N2
NpiNν ,
B(M1; 2+1,ms → 2+1 )O(6) =
3
4π
(gpi − gν)23(N + 2)(N + 4)
4(N + 1)N2
NpiNν ,
(2.33)
respectively. The E(2) transition operator is given by
Tˆ (E2) = epiQˆ
χpi
pi + eνQˆ
χν
ν (2.34)
15
with
Qˆχρρ = s
†
ρdˆρ + d
†
ρsˆρ + χρ[d
†
ρdˆρ]
(2) (2.35)
where epi(ν) is the effective electric quadrupole proton (neutron) boson charge. A
strong M1 transition is an important signature of mixed symmetry states. In the
F -spin symmetry M1 transitions between the MSSs and FSSs are proportional
to the quantity (gpi − gν)2NpiNν . For the U(5) and O(6) F -spin symmetries of
the IBM-2 the analytical formula of the electric quadrupole transition strengths
of the transition from the 2+1,ms to the 2
+
1 are given by
B(E2; 2+1,ms → 0+1 )U(5) =(epi − eν)2
1
N
NpiNν ,
B(E2; 2+1,ms → 0+1 )O(6) =(epi − eν)2
2(N + 2)
5N(N + 1)
NpiNν .
(2.36)
Another signature of mixed symmetry states is a weakly-collective electric quadrupole
transition from the MSSs to the FSSs. The E2 transitions in this case are as it
has been shown [2] proportional to (epi − eν)2NpiNν
2.3 Q-phonon coupling scheme
A special form of the IBM-2 Hamiltonian [31] for which F -spin is an exact quan-
tum number is given by
H = ǫ (nˆdpi + nˆdν ) + κ(Q
χ
pi +Q
χ
ν )
2 + λ(Fmax(Fmax + 1)− Fˆ 2). (2.37)
In the case of nuclei that are described with structural parameters χpi ≈ χν ≈ 0
the Hamiltonian has O(5) symmetry. For a good F -spin, a discussion of the
FSSs and MSSs in the IBM is more convenient in the framework of the semi-
quantitative quadrupole phonon (Q-phonon) scheme, even outside of the exact
dynamical symmetries. The Q-phonon scheme provides a simple tool for under-
standing and interpreting the complex structural mechanism in the formation of
collective nuclear states. It is, therefore a very helpful formalism for the design
of new experiments. The Q-phonon scheme was derived by Otsuka et al. [32]
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and further developments have been achieved by the Cologne-Tokyo collabora-
tion [31,33–37]. In this scheme, the wave functions of low-lying collective excita-
tions can be described as excitations by the quadrupole operators
Qˆs =Qˆpi + Qˆν
Qˆms =[Qˆpi
N
Npi
− Qˆν N
Nν
]
(2.38)
where the Qˆs denotes the F -scalar and result from a symmetric coupling of the
proton and neutron quadrupole operators Qˆpi, Qˆν and the Qˆms is the mixed-
symmetric quadruople operator, respectively. The fully symmetric 2+1,FSS state
can be obtained by acting with the quadrupole operator Qˆs on the ground state
∣∣2+1,FSS〉 =NsQˆs ∣∣0+1 〉 , (2.39)
while the mixed-symmetry 2+1,MSS is created by acting with the quadrupole op-
erator Qˆms
∣∣2+1,MSS〉 =NmsQˆm ∣∣0+1 〉 . (2.40)
The 2+1,FSS and 2
+
1,MSS have an importance in the Q-phonon scheme, because
thus they are the building blocks of quadrupole collective symmetric and mixed-
symmetry structures, with theNs andNms being normalization constants. Fig. 2.4
shows the one- and two-phonon low-lying symmetric and mixed symmetric states
of even-even vibrational nuclei and their experimental signature in a Q-phonon
scheme [13]. Strong M1 transitions from the mixed-symmetry to the symmet-
ric states is the most important signature of the one- and two-phonon mixed-
symmetric states. Due to the destructive interference between the proton and
neutron quadrupole phonons a weakly collective E2 transition from the symmet-
ric state to the ground state is expected, while the 2+1,FSS is comparably strongly
collective.
Following the Q-Phonon scheme higher-lying states can be clarified as multi-
phonon excitations generated by coupling Q-phonons to total spin J e.g. the
two-phonon triplet of states
∣∣J+s 〉 ∝ [QˆsQˆs](J) ∣∣0+1 〉 , with J = 0, 2, 4. (2.41)
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Figure 2.4: Low-lying vibrational one- and two-phonon symmetric and mixed-
symmetry states in Q-phonon scheme. Strong magnetic transitions
are expected between the mixed-symmetry and symmetric states re-
sulting from the exchange between one Qms- and one Qs-phonon and
weakly collective E2 transitions for an annihilation of a Qms-phonon.
In terms of IBM-2 these states have an F -spin of F = Fmax. For a coupling of
the symmetric and the mixed-symmetric one-phonon states a quintuplet of states
is formed
∣∣J+s 〉 ∝ [QˆsQˆms](J) ∣∣0+1 〉 , with J = 0, 1, 2, 3, 4. (2.42)
These states have an F -spin of F = Fmax − 1.
Since the phonons Qs and Qms are distinguishable from each other and Qms can
change the F -spin quantum number at most by one unit, two-phonon states with
quantum numbers 1+ and 3+ are allowed. The 1+ member evolves into the scis-
sors mode for rotational nuclei discovered in 156Gd [5].
To summarize, the Q-phonon scheme shows that the annihilation and creation of
the Qms-phonon leads to a weakly collective E2 transition to the ground state,
while for the Qs-phonon strongly collective transitions occur. In the approxima-
tion of the IBM-2, an enhanced M1 transition with a matrix element of the order
of 1µN results from the exchange of a Qms- and a Qs-phonon.
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2.4 The Quasiparticle Phonon Model
The Quasiparticle-Phonon Model (QPM) [38] is a microscopic model which adopts
some phenomenological features of atomic nuclei. Its Hamiltonian [38–40] con-
tains terms corresponding to an average mean field for protons and neutrons,
monopole pairing, and residual nucleon-nucleon interaction. Schematically it can
be written in the form
Hˆ = Hˆs.p. + Hˆpair + Hˆr.i.. (2.43)
Hˆs.p., corresponds to the average field for neutrons and protons in the even even
spherical nuclei. It can be written in the second quantization in terms of creation
and annihilation operators as
Hˆs.p. =
n,p∑
τ
∑
jm
Eja
+
jmajm, (2.44)
where j ≡ [n, l, j] and m, are the quantum numbers of the particles on the level
of the average field and Ej is the energy of the single-particle level degenerated
by magnetic quantum number m. The second term of Eq. (2.43), Hˆpair contains
the residual interaction responsible for pairing in non-magic nuclei and is given
by
Hˆpair =
n,p∑
τ
G(0)τ
∑
j,j
′
√
(2j + 1)(2j ′ + 1) [a+jma
+
j−m]00[aj′−m′aj′m′ ]00 (2.45)
where G
(0)
τ is a constant matrix element, which assumes that monopole pairing is
state-independent. With the common Clebsch-Gordan coefficient we have
[a+jma
+
j−m]λµ =
∑
m,m
′
Cλµ
jmj
′
m
′a
+
jma
+
j
′
m
′ . (2.46)
The QPM is applied for studies in both magic and open shell nuclei and it has
been commonly used for the description of medium and heavy nuclei. Since these
nuclei have a filling of different subshells of protons and neutrons, the proton-
neutron pairing is neglected. The monopole pairing strength is calculated from
even-odd mass differences. We follow here closely the notation of ref. [41].
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The Hˆr.i. is the residual interaction. The QPM employs the separable form of the
residual interaction with Bohr-Mottelson form factor which is a derivative of the
mean field. Its part in the particle hole channel can be written as
Hˆp−hr.i. =
∑
λµ
±1∑
τρ
(k
(λ)
0 + ρk
(λ)
1 )M
+
λµ(τ)Mλµ(ρτ), (2.47)
where k
(λ)
0(1) are the coupling parameters which determine the strength of isoscalar
(isovector) residual interaction. ρ distinguish between isoscalar and isovector
transitions and has the values±1. M+λµ(τ) andMλµ(τ) are the multipole operators
for natural and unnatural parity states, respectively, and given by
M+λµ(τ) =
∑
j,m,j
′
,m
′
〈
jm
∣∣iλf τλ (r)Yλµ(Ω)∣∣ j ′m′〉 a+jmaj′m′
Mλµ(τ) =
∑
j,m,j′ ,m′ ,lm1
〈
jm
∣∣ilf τλ (r)σ.Ylm1(Ω)∣∣ j ′m′〉 a+jmaj′m′ (2.48)
The value τ = ±1 corresponds to neutrons and protons and the function f τλ (r)
is a radial form factor which in calculations is taken either in form rλ or as
a derivative of the central part of the average field for neutrons and protons
f τλ (r) = dU
τ (r)/dr. In QPM this average field has the form of a Woods-Saxon
potential and is given by
U τ (r) =
V τ0
1 + e(r−R
τ
0
)/aτ
0
− ~
µ2c2
1
r
d
dr
(
V τls
1 + e(r−R
τ
ls
)/aτ
ls
l · s
)
+ VC(r) (2.49)
The potential parameters are adjusted to the ground state density distribution
in different A-mass regions.
The basic QPM solution of the Schro¨dinger equation is obtained by means of a
step-by-step diagonalization of the model Hamiltonian given in Eq. (2.43). The
two terms (2.44) and (2.45) are diagonalized in the first step. For this purpose
Bogoliubov’s canonical transformation is applied. This transformation converts
the particle creation (annihilation) operators to quasiparticle creation (annihila-
tion) operators α+jm(αjm):
a+jm = uiα
+
jm + (−1)j−mviαj−m (2.50)
The ground state of even-even nuclei is considered as a quasiparticle vacuum
α+jm |〉q ≡ 0. Then the energy of the ground state can be minimized using Lagrange
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multiplicators and take the form:
δ
{〈∣∣∣Hˆs.p. + Hˆpair∣∣∣〉+∑
j
µj(u
2
j + v
2
j − 1)
}
= 0 (2.51)
where µj are Lagrange coefficients. This minimization results in the well-known
BCS equations
|BCS〉 =
∞∏
k>0
[uk + vka
+
k a
+
k ] |0〉 , (2.52)
whose solutions provide the correlation functions Cτ = G
(0)
τ
∑
j ujvj and the
chemical potentials λτ for the neutron and proton systems. The Bogoliubov’s
transformation coefficients can be calculated from these values according to
vj2 =
1
2
{
1− Ej − λτ
ǫj
}
, uj2 = 1− vj2, (2.53)
where Ej is the single-particle energy from the Wood-Saxon potential and ǫj is
the quasiparticle energy
ǫj =
√
C2τ + [Ej − λτ ]2. (2.54)
The diagonalized first two terms of the model Hamiltonian given in Eq. (2.43)
can be written as
Hˆs.p. + Hˆpair =
n,p∑
τ
∑
j,m
ǫjα
+
jmαjm. (2.55)
Since we have determined the ground state of even-even nuclei as the quasiparti-
cle vacuum, the simplest excited states are two-quasiparticle states α+jmα
+
j
′
m
′ |〉q.
In the case that the monopole pairing vanishes, the excited states correspond
to particle-hole transitions. If collective excitations are considered, this process
can be described as creation of a phonon. The following phonon operator with
multipolarity λ and projection µ is introduced
Q+λµi =
1
2
n,p∑
τ
∑
jj
′
{
ψλi
jj
′ [α+j α
+
j
′ ]λµ − (−1)λ−µϕλijj′ [αjαj′ ]λ−µ
}
. (2.56)
Note that for the given multipolarity λ, the total number of different phonons
(i) should be equal to the sum of neutron and proton two-quasiparticle states
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coupled to the same angular momentum.
The coefficients ψλi
jj
′ and ϕλi
jj
′ can be obtained from a diagonalization of the Hamil-
tonian in the space of one-phonon states Q+λµi |〉ph. This can be done by applying
again the variation procedure
δ


〈∣∣∣QλµiHˆQ+λµi∣∣∣〉
ph
(wλi/2)

∑
jj
′
{
(ψλi
jj
′ )2 − (ϕλi
jj
′ )2 − 2
}

 = 0 (2.57)
where wλi is the energy of the phonon i. The excitation energies of phonons and
their internal fermion structure are obtained from solution of the QRPA equations
under the assumption that the ground state is the phonon vacuum. The QRPA
equations yield several collective phonons of different multipolarity like 2+1 , 3
−
1 ,
and phonons which form giant resonances and also many non-collective, or almost
pure two-quasiparticle, solutions.
Excited states of even-even nuclei are considered in the QPM as phonons. The
main asset of the model is that it accounts for coupling between simple (one-
phonon) and complex (two-, three-phonon) configurations. A wave function of
an excited state with spin and parity λpi is written as a combination of one-,
two- and three-phonon configurations. The one-phonon part of the wave function
contains QRPA solutions with the fixed λpi. The two- and three-phonon parts of
it are built up from the phonons of different multipolarities which couple to the
same λpi.
The diagonalization of the model Hamiltonian on the set of these complex wave
functions yields the eigenenergies and the structure of each excited state. The
diagonalized matrix has a block structure. Since the Hamiltonian is already pre-
diagonalized by solving the QRPA equations, one-, two-, and three-phonon parts
of it are diagonal if phonons are treated as quasi-bosons. When Pauli principle
corrections are accounted for, two-phonon components interact with each other
as well as three-phonon components. But the largest matrix elements of interac-
tion are between one- and two- (U2ph1ph ) and between two- and three-phonon (U
3ph
2ph )
configurations. These matrix elements are calculated microscopically from 1p3h
and 3p1h parts of the residual interaction and they have finite values in both
quasi-boson approximation and with accounting for the Pauli principle correc-
tions.
The dimension of the matrix which is diagonalized equals the sum of one-, two-,
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and three-phonon configurations included in the calculation. It may be reduced
if necessary by excluding the complex configurations with small values of U2ph1ph
and U3ph2ph matrix elements.
It should be noted that physical processes like inelastic electron scattering are
often described by one-body operators. Accordingly, nuclear levels are excited
predominantely via one-phonon components of the QPM wave functions. More
complex configurations are responsible for fragmentation of the strength carried
by these components.
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3 Electron scattering
In this section some important relations for the description of inelastic electron
scattering are summarized. In inclusive electron scattering experiments an elec-
tron with an incident energy Ee interacts with the current and charge density
distributions of the target nuclei through virtual photon exchange. The scat-
tered electron with energy Ef is detected at an angle θ. The excitation of the
nuclei appears after neglecting the recoil energy loss of the scattered electron
as Ex = Ei − Ef . Thus, the measurement of the energy spectrum of scattered
electrons determines the excitation energy spectrum of the target nucleus. By
varying the incident energy of the electron beam and/or the scattering angle one
can measure the momentum transfer dependence of the squared form factor. The
squared form factor is defined as the ratio of the experimental cross section to
the Mott cross section for electron scattering on a massive point charge:
|F (Ei, θ)|2 =
(dσ/dΩ)exp
(dσ/dΩ)Mott
, (3.1)
where the Mott cross section is given by(
dσ
dΩ
)
Mott
=
(
Ze2
2Ei
)2
cos2 (θ/2)
sin4 (θ/2)
(3.2)
with Z being the proton number. The momentum transfer is given as
qx =
1
~c
√
2Ei (Ei − Ex) (1− cos θ) + E2x (3.3)
and it can be written as
q2x = q
2
(
1− Ex
Ei
)
+
(
Ex
~c
)2
(3.4)
where
q =
Ei
~c
√
2 (1− cos θ) (3.5)
is the momentum transfer of elastic scattering.
In the approximation of one-photon exchange only, the differential cross section
can be written [43] using Dirac’s first-order perturbation theory(
dσ
dΩ
)
=
1
4π2(~c)2
EiEf
(
pf
pi
)(
2Jf + 1
2Ji + 1
)
frec |〈ψf |Hˆint|ψi〉|2, (3.6)
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where
pi, pf - three momentum of the electron before and after scattering,
Ji, Jf - total angular momentum of the nucleus before and after scattering,
Hˆint - the Hamiltonian interaction operator and
frec =
(
1 + 2Ei
Mc2
sin2 θ
2
)−1
- the recoil factor.
Since in the electromagnetic interaction the angular momentum and parity of the
whole system are invariant, the selection rules for the angular momentum of a
transition with multipolarity λ between nuclear states |ψi〉 and |ψf〉 are given by
|Ji − Jf | ≤ λ ≤ |Ji + Jf | (3.7)
and for the parity
πiπf = (−1)λ for an electric transition and (3.8)
πiπf = (−1)λ+1 for a magnetic transition. (3.9)
In the case of relativistic electrons and neglecting the recoil induced by the finite
electron energy losses (Ei, Ef ≫ m0c2, k), the differential cross section can be
represented in PWBA as a sum over multipoles Eλ and Mλ, which are allowed
by the selection rules discussed above [43]
(
dσ
dΩ
)
=
∑
λ
[(
dσ
dΩ
)
Eλ
+
(
dσ
dΩ
)
Mλ
]
. (3.10)
In this thesis the investigated nuclei 92Zr, 94Zr, and 94Mo are even-even nuclei
and thus have in the ground state spin and parity Jpi = 0+. Therefore only pure
magnetic or electric transitions of the multipolarity λ = Jf can contribute to the
cross section. Thus, for an electric transition the cross section from Eq. (3.10) is
reduced to(
dσ
dΩ
)
Eλ
=
(
Z e2
Ei
)2
frec
[
VL · |F (Cλ, q)|2 + VT · |F (Eλ, q)|2
]
(3.11)
and for a magnetic transition
(
dσ
dΩ
)
Mλ
=
(
Z e2
Ei
)2
frec
[
VT · |F (Mλ, q)|2
]
. (3.12)
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The functions |F (Cλ, q)|2, |F (Eλ, q)|2, |F (Mλ, q)|2 are called form factors. They
are directly related to the transition matrix elements 〈ψf |MˆCλ|ψi〉, 〈ψf |MˆEλ|ψi〉
and 〈ψf |MˆMλ|ψi〉 and contain all nuclear structure information
F (Cλ, q) =
qλ√
2Ji + 1 · (2J + 1)!!
〈ψf |MˆCλ(q)|ψi〉,
F (Eλ, q) =
qλ√
2Ji + 1 · (2J + 1)!!
√
λ+ 1
λ
〈ψf |MˆEλ(q)|ψi〉,
F (Mλ, q) =
qλ√
2Ji + 1 · (2J + 1)!!
√
λ+ 1
λ
〈ψf |MˆMλ(q)|ψi〉.
(3.13)
The quantities VL and VT depend only on the kinematics of the experiment and
in the relativistic case Ei ≫ m0c2 can be written as follows [43]
VL =
1 + cos θ
2(y − cos θ)2 , (3.14)
VT =
2y + 1− cos θ
4(y − cos θ)(1− cos θ) (3.15)
with
y = 1 +
E2x
2Ei(Ei − Ex) . (3.16)
The reduced transition probability is related to the matrix elements Eq. (3.13)
by
B(Xλ, q) ↑= 1
2Ji + 1
|〈ψf |MˆXλ(q)|ψi〉|2, (3.17)
with X = C,E and M , respectively. For a momentum transfer corresponding to
the photon point q = k = Ex/~c the reduced matrix element becomes equal to
that of photon excitation. In the electron scattering this value is extracted by
extrapolating the measured form factor to the photon point (q = k = Ex/~c).
Using the relations (3.13) one gets for the transition components [43]
B(Cλ, q) ↑=((2λ+ 1)!!)
2
q2λ
|FCλ (q)|2,
B(Eλ, q) ↑= λ
λ+ 1
((2λ+ 1)!!)2
q2λ
|FEλ (q)|2,
B(Mλ, q) ↑= λ
λ+ 1
((2λ+ 1)!!)2
q2λ
|FMλ (q)|2.
(3.18)
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4 Experiment at the S-DALINAC
4.1 S-DALINAC
S-DALINAC is the abbreviation for Superconducting DArmstadt electron LIN-
ear ACcelerator. It was constructed by diploma and doctoral students at the
Institute of Nuclear Physics of Darmstadt Technical University [45]. Since 1991
it became the first superconducting continuous-wave linear electron accelerator
in Europe and is regularly used for a wide range of nuclear physics experiments.
The S-DALINAC provides electron beams with energies up to about 100 MeV and
beam currents up to 10µA for several experimental facilities. Figure 4.1 shows
a schematic layout of the S-DALINAC and the experimental facilities. The fol-
lowing description is based on [13] A thermionic gun emits electrons which are
5
4
g
3
1
Figure 4.1: Experimental facilities at the S-DALINAC. ©1 Nuclear resonance
fluorescence ©2 Polarisability of the nucleon. ©3 (γ, γ ′x) experi-
ments at NEPTUN tagger. ©4 (e, e′x) and 180◦ experiments at
QCLAM spectrometer.©5 High-resolution (e, e′) experiments at 169◦
spectrometer
preaccelerated electrostatically to an energy of 250 keV. The required time struc-
ture of the electron beam for radio-frequency acceleration in a 3 GHz field is
created by a chopper/prebuncher system operating at room temperature. Elec-
tron bunches leaving the chopper/prebuncher system enter the injector which
consists of one 2-cell, one 5-cell, and two standard 20-cell niobium cavities cooled
to 2 K by liquid helium. In the injector the electron bunches are accelerated up to
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10 MeV and can be directly used for nuclear resonance fluorescence experiments
at the experimental site denoted by ©1 in Fig. 4.1. Alternatively, they can be
injected by a 180◦ bending system into the main superconducting linear acceler-
ator [46], which consists of eight 20-cell niobium cavities and provides an energy
increase of up to 40 MeV. After acceleration in the main linac the electron beam
can either be extracted to the experimental hall or recirculated and reinjected
once or twice into the main linac. After two recirculations the electron beam can
be delivered to several experimental facilities with an energy up to about 100
MeV. It can be converted to bremsstrahlung photons and used for the study of
the nucleon polarizability©2 and (γ, γ ′x) experiments at the low energy photon
tagger NEPTUN©3 . A wide range of electron scattering experiments is carried
out using the QCLAM spectrometer©4 and the high-resolution electron scatter-
ing facility with the 169◦ spectrometer ©5 , the so-called Lintott spectrometer.
The QCLAM spectrometer is mainly used for (e, e
′
) experiments at 180◦ scatter-
ing [47–49] and (e, e
′
x) coincidence experiments [50–53]. It has a large angular
and momentum acceptance. The present work has been executed at the Lintott
spectrometer which is described in greater detail in the following section.
4.2 Lintott spectrometer and high-resolution elec-
tron scattering
Lintott is the name of the 169◦ spectrometer spectrometer which is used for the
high resolution electron scattering experiments. It is shown in Fig.4.2. The
electron beam comes from the left side©1 and hits the target which is placed in
the center of the scattering chamber ©2 . After the interaction with the target
nuclei, the scattered electrons passing through the spectrometer’s entrance slit
defining the solid angle Ω are deflected by the dipole magnet©3 and focused to
the focal plane of the spectrometer ©4 . The electrons in the central trajectory
are bent to an angle of 169.7◦, the so-called ”magic” angle [54] which is chosen to
improve the ion-optical properties of the spectrometer summerized in Tab. 4.1.
When the beam is focused on the small area of the target (conventional mode),
the energy resolution of the Lintott spectrometer depends mainly on the energy
28
spread of the primary electron beam, which is ∆E/E ≈ 10−3. Because of the
energy spread ∆E of the beam, the scattered particles which have excited the
same level will leave the target with slightly different energies and therefore will
hit the detector plane at slightly different places according to the energy spread
of the particles beam ∆E. This will affect the energy resolution of the spectrum.
This energy resolution is sufficient to perform experiments with light nuclei where
the level densities are not very high but for heavy nuclei a high-resolution mode
is needed.
1
2
3
4
Figure 4.2: View of the Lintott spectrometer. The electron beam©1 comes from
the left side and hits the target which is placed in the scattering cham-
ber ©2 . The scattered electrons pass to the spectrometer entrance
and are deflected by the dipole magnet ©3 and focused to the focal
plane of the spectrometer©4
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Table 4.1: Main parameters of spectrometer.
Electron energy range 1.5 · 10−4
Energy resolution 20− 120MeV
Angle range 33◦ − 165◦
Angle step 12◦
Deflection angle 169.7◦ ± 0.1◦
Dispersion 3.76 cm/%
Momentum acceptance ±2.1%
Resolution (point source, FWHM) 0.015 %
Maximal solid angle acceptance 6 msr
In order to increase the energy resolution of the spectrometer the lateral dis-
persion matching technique (often called
”
energy-loss mode“) is used. The basic
principle of lateral dispersion matching is to match the adjusted beam dispersion,
emittance and spot size at the target position with the ion-optical properties of
the spectrometer.
In the lateral dispersion matching mode the electron beam is projected on the
target by the beam transport system on a narrow line which is vertical to the
plane determined by the incoming and scattered beam, while the beam is focused
in non dispersive direction. Its size corresponds to the beam energy spread ∆E
(see Fig.4.3). The dispersion of the beam at the target is adjusted to the elec-
tron optics of the spectrometer in such a way that the trajectories of different
momenta through the magnetic field have different path lengths such that they
focus back on the focal plane at one spot. In this case one gets a better image
resolution which is almost unaffected by the energy spread of the primary beam.
If the electrons excite the nuclei to an excited state, they loose some energy δE
and the beam spot in the focal plane of the detector system is displaced by a dis-
tance determined by the excitation energy of that state. This makes the energy
resolution independent of the energy spread of the beam and makes the system
sensitive only to the energy loss in the target. The relative energy resolution
achieved with such a technique is down to ∆E/E ≈ 3.10−4.
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Figure 4.3: The position and the angle of scattered particles at the focal plane
depend on the initial energy spread in the dispersive mode, left, which
thereby limits the resolution. Lateral dispersion matching allows to
improve the resolution by spatially spreading the beam spot at the
target position according to the dispersion of the beam, matching it
to that of the spectrometer. (Taken from Burda et al., [13]).
4.3 Detector system
Electron scattering experiments have been successfully performed for many years
using the magnetic 169◦ spectrometer (Lintott) with a focal plane detector system
based on overlapping scintillators [54–57]. However, the plastic scintillators have
some significant drawbacks like different individual detection efficiency such that
lengthy repetitions of the measurements are required. Recently, an improvement
of the complete beam line for dispersion matching [58] together with the vacuum
system, focal plane detection system [59, 60] and its background shielding was
performed [61].
The new detector system consists of silicon microstrip detectors and a trigger
detector. Figure 4.4 presents a photograph of the silicon microstrip detector
system. Because of difficulties to grow Si crystals of the requested size there is
no single detector plate available covering the full focal plane length of 24 cm.
Figure 4.4: A photo of the silicon strip detector system mounted in the magnetic
spectrometer
Therefore, four detector plates were mounted together separated by an inactive
zone of about 7 mm between two adjoining detectors, each plate providing 96
strips with a thickness of 500 µm and a pitch of 650 µm. The trigger detector
system consists of a 40 cm long plastic scintillator with a thickness of 5 mm
(material NE102A) and a 40 cm long Cherenkov counter of 5 cm thickness run
in coincidence. It is used for background suppression and is placed outside the
vacuum chamber. The new detector system has a high spatial resolution (1.5 ×
10−4) due to the small thickness of its silicon microstrip and has the ability to
process very high count rates (100 kHz), because of the simple readout.
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4.4 Experiments
The experiments have been carried out at the Darmstadt superconducting elec-
tron linear accelerator S-DALINAC. The high-resolution spectrometer Lintott
with its detector system was used. Measurements were performed on the nuclides
92Zr and 94Zr. For 92Zr the incident beam energy was E0 = 63 MeV with beam
currents ranging from 0.5 to 1 µA. A 92Zr target with an isotopic enrichment of
94.57% and a thickness of 9.75 mg/cm2 was used. Data were taken at five different
scattering angles θ = 69◦, 81◦, 93◦, 117◦ and 165◦ covering the maximum of the
E2 form factor. Data were taken for 26, 11, 23, 7, and 24 hours, respectively, with
an energy resolution of 55 keV. Examples of electron-scattering spectra are shown
in Fig. 4.5. The salient peaks correspond to the elastic line, the weakly collective
one-phonon 2+1 state (Ex = 0.934 MeV), the 3
−
1 state (Ex = 2.339 MeV), and
the one-phonon 2+2 state (Ex = 1.847 MeV) with predominant mixed-symmetry
character. The spectra taken in the 92Zr(e,e′) electron scattering reaction were
energy calibrated with the previously known excitation energies of the 0+1 , 2
+
1 , 2
+
2
and 3−1 states [16].
For 94Zr an incident beam energy E0 = 71 MeV with beam currents ranging from
0.5 to 2 µA was used. The 94Zr target has an isotopic enrichment of 96.07% and
a thickness of 10 mg/cm2 [62]. Data were taken at four different scattering angles
θ = 69◦, 81◦, 93◦ and 165◦ covering the maximum of the E2 form factor. Data
were taken for 10, 14, 29, and 40 hours, respectively, with an average energy res-
olution of about 60 keV. The measured electron-scattering spectra are shown in
Figure. 4.6. The prominent peaks correspond to the elastic line, the weakly col-
lective one-phonon 2+1 state (Ex = 0.918 MeV), the 3
−
1 state (Ex = 2.057 MeV),
and the one-phonon 2+2 state (Ex = 1.672 MeV) which is the candidate for the
mixed-symmetry state [63]. The spectra taken in the 94Zr(e,e′) electron scattering
reaction were energy calibrated with excitation energies of the 0+1 , 2
+
1 , 2
+
2 and
3−1 states given in [64].
In the analysis described in section 8.3 we include data for 94Mo taken from [13].
Data were taken with an incident electron beam energy Ee = 70 MeV and scat-
tering angles 93◦, 117◦, 141◦ and 165◦ with typical beam currents of 2 µA. An
91.6% enriched self-supporting 94Mo target of 9.7 mg/cm2 areal density was used.
In the dispersion-matching mode an energy resolution E ≈ 30 keV was achieved
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Figure 4.5: Representative electron scattering spectra of the 92Zr(e,e′) reaction
at an incident electron energy E0 = 63 MeV and electron scattering
angles Θ = 81◦, 93◦ and 117◦. Please note the different scale
in this experiment.
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Figure 4.6: Four electron scattering spectra of the 94Zr(e,e′) reaction at incident
electron energy E0 = 71 MeV and electron scattering angles Θ = 69
◦,
81◦, 93◦ and 165◦.
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5 Data Analysis
5.1 Peak areas and cross sections
The peak areas Aexpin of the observed transitions were determined, using the pro-
gram FIT [65, 66], by assuming an asymmetric Gaussian function for the line
shape of the measured spectrum. The (e, e
′
) spectra have a physical background
due to radiative processes. For the adjustment of the background, the radia-
tive tail is approximated by a hyperbolic function continuously connected to the
Gaussian function. The function is parameterized as
y = y0 ·


exp [− ln 2 · (x− x0)2/∆x21] x < x0
exp [− ln 2 · (x− x0)2/∆x22] x0 < x ≤ x0 + η∆x2
A/(B + x− x0)γ x > x0 + η∆x2
(5.1)
with
x0 energy,
y0 count rate at x0,
∆x1,2 half width at half maximum for Ex < x0 and Ex > x0, respectively
η starting point of the radiative tail in units of ∆x2,
γ exponent of the hyperbolic function of the radiative tail.
The parameters A and B have to fulfill the condition of the continuous differen-
tiable connection of the individual functions at the connection point x0 + η∆x2.
The area content Aexpin is extracted as an integral of the model function (5.1)
together with the radiative background approximated as a polynomial using
the program FIT [65, 66]. The integration is performed up to a cutoff limit
Ecutoff = x0 + 5∆x1 and the missing part is considered by multiplying with a
radiative correction factor
Ain = A
exp
in e
δs+δB+δI , (5.2)
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where δs is the Schwinger correction [70]. It takes into account the loss of the peak
area due to the loss of electron energy because of the emission of real photons
as well as emission and absorption of virtual photons of any energy. δB is the
Bremsstrahlung correction and accounts for effects which cause an asymmetric
distortion of the peak due to small angle scattering from electrons and nuclei other
than the initially scattering nucleus [67]. δI , the ionization correction (Landau
straggling), describes the widening of the peak due to energy loss caused by
atomic excitations and ionization. These corrections and their calculations are
described in detail in [68–70].
5.2 Energy calibration
The momentum acceptance of the Linttot spectrometer is about 4%. For an
initial electron energy of 60 MeV the width of the energy spectrum is about 2.4
MeV. It is sufficient to measure a considerable part of the low-lying excited states
but to measure higher excited states one needs to perform several measurements
for different settings of the spectrometer magnetic field.
The mean energy loss results from ionization processes caused by the electrons
in the target and depends on the effective target thickness deff and it can be
estimated using the expression
∆E [MeV] = 1.4× deff [g/cm2]. (5.3)
For measurements at scattering angles Θ ≤ 141◦ the target was placed in trans-
mission geometry. In this case the effective path length of the electrons is deff =
d/cos(Θ/2) where deff and Θ are the target thickness and the scattering angle,
respectively. In case of Θ > 141◦, measurements are possible only in the re-
flection geometry and the effective path length of the electrons in the target is
deff = d/sin(Θ/2). Taking into account the electron energy loss in the target and
assuming a homogeneous magnetic field in the spectrometer, a linear relation
holds between the scattered electron energy E ′ and the channel number N .
E ′i = C1 + C2Ni, (5.4)
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with E ′i and N being the energy of scattered electrons of the i
th peak and its
corresponding channel number, respectively. The constants C1 and C2 are de-
termined by solving a system of linear equations of the type (5.4) for all peaks
measured with the same spectrometer magnet field setting
E ′i =
(Ei − 0.5∆E)− Ex(1 + Ex2Mc2 )
1 + 2(Ei−0.5∆E)
Mc2
sin2 θ
2
− 0.5∆E, (5.5)
where Ei, Ex and M are the initial energy, excitation energy and mass of the
target nucleus, respectively. Solving Eq. (5.5) leads to the quadratic equation in
Ex. To calibrate the spectra precisely, measurements of transitions with known
excitation energies are needed.
5.3 Cross sections
Absolute values of the differential cross sections can be calculated from the cor-
responding peak areas taking into account the radiative corrections and the dead
time of the electronics according to
(
dσ
dΩ
)
= Aexp · 1
∆Ω
· e
It
· µmol
deffNA
(5.6)
where ∆Ω is the spectrometer solid angle [sr], It the accumulated charge of the
electron beam incident on the target during the time of the measurement [µC],
µmol the molecular mass, NA the Avogadro number and deff = ρ∆x/sin(θ/2) in
transmission geometry or deff = ρ∆x/cos(θ/2) in the so-called reflection geom-
etry, is the effective areal density of the target and ρ∆x = 9.75 mg/cm2 and
ρ∆x = 10 mg/cm2 the surface density of the 92Zr and 94Zr targets, respectively.
In this thesis experimental cross sections for the excited states were extracted by
normalization to the cross section of the elastic line because many systematic er-
rors cancel and the achieved precision is higher. Cross sections for elastic electron
scattering can be calculated with high precision. Typical systematic uncertainties
for the absolute measurement of cross sections at the Linttot spectrometer are
presently about 30% neglecting the statistical errors.
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5.4 Error estimation
In the present work two analysis methods were used, one is a model independent
method and another one is nearly model-independent. In the model-independent-
method we need only to determine the peak area and we use the ratios of peak
areas that belong to the same spectrum and have the same systematic uncertain-
ties. Thus, all systematic uncertainties are canceled. In the model dependent
method inelastic cross sections were calculated relative to the elastic ones which
avoids the contribution of systematic uncertainties in the determination of the
solid angle and accumulated charge in the Faraday cup as well as the target
inhomogeneity. Then, the total uncertainty of measured cross section includes
• statistical uncertainties in the peak area determination from the fit with
the model function given by (5.1),
• estimated systematic inaccuracy in the elastic cross section of the order of
5%,
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6 One-phonon excitations of 92Zr
The prediction of the IBM-2 with respect to a multi-phonon structure of MSS
in vibrational nuclei was confirmed about ten years ago by the observation of
large M1 transition strengths between low-energy states of 94Mo [9–11]. The
2+ states were also investigated with electron scattering experiments at the su-
perconducting electron accelerator S-DALINAC and with proton scattering at
iThemba LABS [12]. The combined analysis supported a one-phonon structure
of the 2+1,3 states of
94Mo.
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Figure 6.1: The low-lying one-phonon excited states of 92Zr. M1 transition
strength (solid line) is given in µ2N. Dashed lines are presenting the
E2 and E3 transitions.
The neighboring even-even isotone 92Zr with two neutrons outside the N = 50
closed shell and with the Z = 40 sub-shell closure is the best prototype to in-
vestigate the origin of the collective structure toward the double shell closure.
In this nucleus a stronger configurational isospin polarization of the one-phonon
states than in 94Mo was expected. Indeed, the works of Werner et al. [71] and
Holt et al. [14] showed that the picture of good F -spin, in which the 2+1 state
40
approximately has the simple structure
∣∣2+1 〉 ∝ |2+pi 〉+ |2+ν 〉 and the 2+2 the struc-
ture
∣∣2+1,ms〉 ∝ |2+pi 〉 − |2+ν 〉 is too simple. In other words, the F -spin for the
2+1 state is strongly broken. The negative experimental value of the g-factor,
g(2+1 ) = −0.18(1), suggests an appreciable neutron contribution to the configu-
ration of the 2+1 level [72], while the experimental measured positive value of the
g-factor g(2+2 ) = +0.76(50) (theoretical value is +0.9) indicates a considerable
proton contribution to this state [71, 73].
The present section provides an in-depth study of the electron scattering results
on 92Zr. Fig. 6.1 shows a part of the level scheme of 92Zr. It displays those levels
that are relevant for the discussion in this thesis. The results are interpreted in
the framework of the QPM [38].
6.1 Cross sections
Peak areas A of the transitions were obtained from a spectrum decomposition
using the line shape described in section 5.1. Absolute differential cross sections
Table 6.1: Cross sections of electroexcitation of the 2+1,2 and 3
−
1 states in
92Zr
normalized to the Mott cross section in units 10−4, E0 = 63 MeV.
θ q (fm−1) 2+1 2
+
2 3
−
1
69◦ 0.36 3.98(23) 2.02(13) 1.95(30)
81◦ 0.41 5.19(27) 2.67(14) 3.30(13)
93◦ 0.46 5.39(29) 2.91(17) 4.32(10)
117◦ 0.55 7.94(45) 4.23(27) 10.5(48)
165◦ 0.64 5.2(13) 4.4(9) -
were obtained from normalization to elastic scattering. These are given in Tab. 6.1
normalized to the Mott cross section as a function of the momentum transfer of
Eq. (6.1)
qx =
1
~c
√
2E0 (E0 − Ex) (1− cos θ) + E2x. (6.1)
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Besides the statistical uncertainties we have estimated systematical errors of 5%,
which were added in quadrature.
q (fm )x
-1
Figure 6.2: Momentum-transfer dependence of the form factor of the one-phonon
FS 2+1 state (top), MS 2
+
2 state (middle) and 3
−
1 state (bottom) of
92Zr from electron scattering. The data (full squares) are compared
to the QPM (solid lines).
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6.2 Form factors and QPM predictions
The QPM calculations have been performed using the procedure introduced in
section 2.4. In the present application excited states of 92Zr are described by wave
functions including one-, two-, and three-phonon configurations [74]. In order to
fix the coupling parameters k
(λ)
0(1) which determine the strength of the isoscalar
(isovector) residual interaction given in the Eq. (2.47)
Hˆp−hr.i. =
∑
λµ
±1∑
τρ
(k
(λ)
0 + ρk
(λ)
1 )M
+
λµ(τ)Mλµ(ρτ),
it is required that the excitation energy of the 2+1 state and the B(E2, 2
+
1 → 0+1 )
transition strength are best reproduced. B(E2) and B(M1) transition strengths
resulting from this QPM calculation are shown in Tab. 6.2 in comparison with
the QPM calculations performed by Lo Iudice and Stoyanov [17] and with the
literature experimental data [16]. One sees that there is a satisfactory agreement
Table 6.2: Reduced B(Eλ) and B(M1) transition strengths of low-energy collec-
tive transitions in 92Zr deduced from the present QPM calculations
in comparison with the QPM calculations of Ref. [17] and experimen-
tal [16] values. The B(E2) strengths are given in Weisskopf units
(W.u.) and the B(M1) strength in µ2N.
QPM QPM Literature This work
Present [17] [16] DWBA
B(E2; 2+1 → 0+1 ) 5.9 6.8 6.4(5) 6.18(23)
B(E2; 2+2 → 0+1 ) 2.6 3.2 3.4(4) 3.31(10)
B(M1; 2+2 → 2+1 ) 0.64 0.64 0.37(4)
B(E3; 3−1 → 0+1 ) 18.4(1.1)
between both QPM calculations and the experimental values. The results of the
present QPM calculations show a satisfactory agreement with the results of the
literature QPM calculations and of the experimental data. We find a strong M1
transition between the 2+2 and 2
+
1 states that are expected to be the predominant
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mixed-symmetry and symmetric states, respectively, of 92Zr and enhanced E2
transition strengths for the two states.
Figure 6.2 displays the data from Tab. 6.1 in comparison with the present QPM
calculations. Theoretical (e, e′) cross sections have been calculated from the QPM
wave functions within the Distorted Wave Born Approximation (DWBA) to ac-
count for Coulomb distortion effects. The calculations of the cross sections have
been performed using the code of Heisenberg and Blok [75] and employing the ra-
dial transition charge densities calculated by the QPM. The momentum transfer
dependence of the theoretical cross sections is illustrated in Fig. 6.2 as solid lines.
Note that the theoretical form factors are absolute values and are not scaled to
the experimental data. They provide a satisfactory description of the q depen-
dence as well as of the absolute values. While this is not surprising for the 2+1
states because of the calibration of the residual interaction, the good description
for the mixed-symmetry 2+ states is non-trivial.
In order to extract reduced transition probabilities, the calculations have been
scaled to the data and extrapolated to the photon point, q ≡ k = Ex/~c. The
results are given at the right of Tab. 6.2. The absolute B(E2; 2+1 → 0+1 ) and
B(E2; 2+2 → 0+1 ) strengths agree well within error bars with results from previous
experiment [16]. This is also true for the B(E3; 3−1 → 0+1 ) = 18.4(1.1) transition
but the present value is significantly more precise. Previous measurements based
on low-energy proton scattering show a large spread of results (14.7, 16.2, 18.9,
21.3, 23.6 W.u.) [72], most likely due to the model dependence of the extraction
of an electromagnetic transition matrix element from hadronic scattering data.
6.3 Discussion
The (e, e
′
) electron scattering reaction is predominantly a one-step process. Fig-
ure 4.5 shows that the 2+2 state of
92Zr is almost as strongly populated in (e, e
′
) as
the one-phonon 2+1 state suggesting a large one-phonon component being present
in the wave function of the 2+2 state. The similarity of the momentum-transfer
dependence of the form factors between the 2+ states further supports the one-
phonon nature of the 2+2 state of
92Zr. It is important here to remember that
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the theoretical results shown in Fig. 6.2 are absolute and not scaled to the ex-
perimental data. The QPM results provide a good description of the (e, e
′
) form
factor in this interval of the momentum transfer. As it has been shown in by
Walz et al. [18] the wave functions of the one-phonon 2+ states contains many
weak amplitudes of configurations forming the isoscalar Giant Quadrupole Reso-
nance. However their amplitudes are very small. The main configurations of the
wave functions are given in Tab 6.3.
Table 6.3: Comparison of main configurations of the 2+1,2 states in the present
QPM calculations and QPM results of Ref. [17].
2+1 2
+
2
Present [17] Present [17]
ν (2d25/2) 0.77 0.57 -0.62 -0.36
π (1g29/2) 0.37 0.14 0.52 0.39
The QPM calculations predict the main proton and neutron components in the
wave functions of the one-phonon 2+ states to have opposite relative signs which
confirms the predominant picture of symmetric and mixed-symmetric character
of these states in the valence shell. The 2+1 state, because of the large neutron
component, is a predominantly symmetric albeit isospin polarized state and the
2+2 state is a mixed-symmetric one with a weak isospin polarization. The E2
strengths from the present QPM calculations are close to the values, 6.8 and 3.2
for the 2+1 and 2
+
2 state respectively, that were obtained from a QPM calculations
performed in Ref. [17]. However, the main components of the wave functions
published for the 2+ states in Ref. [17] show stronger isospin polarization of the
2+1 and 2
+
2 states than found in the present calculation. The corresponding results
are given in Tab. 6.3.
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7 PWBA for heavy nuclei
7.1 Absolute and relative analysis
In the Coulomb field of a large-Z nucleus, the electron waves are significantly dis-
torted. Therefore, the analysis of electron scattering should be performed in the
Distorted Wave Born Approximation (DWBA). However, the Plane Wave Born
Approximation (PWBA) is much more transparent for the underlying physics
mechanisms and provides a clear link between the data and the quantities of
interest. Furthermore, the PWBA is a nearly model-independent way to ana-
lyze electron scattering data. However, the typical validity limits for PWBA are
Z≤ 20 and E0 ≤ 70 MeV [43].
Due to the Coulomb attraction, in the scattering process the effective energy of
the electron is larger than its energy in the center-of-mass system. Thus, the mo-
mentum transfer increases and shifts the diffraction minima and maxima. The
effective momentum transfer is approximately given by [44]
qeff = q
(
1 +
3
2
Z e2
EiReq
)
, (7.1)
where Req is the equivalent radius of a uniformly charged sphere. However, the
correction of the experimental form factor to qeff is insufficient for the description
of the Coulomb distortion for heavy nuclei. For the electron wave functions, nu-
merically calculated solutions of the Dirac equation by a partial-wave analysis are
used. By solving the Dirac equation, the distortion of the electron wave function
in the Coulomb field of the nucleus is taken into account. This is called Distorted
Wave Born Approximation (DWBA). The DWBA form factor was already de-
fined in Eq. (3.1).
In comparison to PWBA this quantity is not only a function of the momentum
transfer, but also depends explicitly on the initial electron energy Ei and scat-
tering angle θ. After calculating the cross section in DWBA, a correction factor
can be defined as
fC =
(dσ/dΩ)DWBA
(dσ/dΩ)PWBA
, (7.2)
which allows the representation and interpretation of the form factor as a func-
tion of the momentum transfer in analogy to PWBA.
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In light nuclei it has been shown that transition strengths can be extracted in a
nearly model-independent PWBA analysis [43]. It assumes that Coulomb distor-
tions of the electron wave function can be approximated by an overall correction
factor determined from the g.s. charge distribution of the nucleus. The differen-
tial cross sections in the PWBA for nuclear excitation can be written as a sum
over the cross section for electric and magnetic multipole transitions that can be
converted to the DWBA cross section using Coulomb correction factors
(
dσ
dΩ
)
Eλ
=fC
(
dσ
dΩ
)
Eλ,PWBA
= fC
α2aλq
2λ
x
k20R(
λ
λ+ 1
VL(θ)B(Cλ, qx) + VT (θ)B(Eλ, qx)
)
,
(7.3)
(
dσ
dΩ
)
Mλ
=fC
(
dσ
dΩ
)
Mλ,PWBA
= fC
α2aλq
2λ
x
k20R
VT (θ)B(Mλ, q), (7.4)
where
aλ = 4πλ
−1 (λ+ 1) [(2λ+ 1)!!]−2,
k0 = E0/~c, and
R = 1 + ~c(k0/Mc
2)(1− cos θ).
The symbol α denotes the fine structure constant.
With Siegert’s theoremB(Eλ, qx) = k
2/q2B(Cλ, qx) connectingB(Cλ) andB(Eλ),
the reduced transition probabilities in PWBA can be related to the experimental
differential cross section by
B(Cλ, qx) =
k20R
α2aλq2λx
1[
VL(θ)
(
λ
λ+1
+ k
2
x
q2x
VT (θ)
VL(θ)
)
fC (qx, E0, Ex)
] ( dσ
dΩ
)
Eλ
=
1
[fkinfC (qx, E0, Ex)]
(
dσ
dΩ
)
Eλ
(7.5)
For low momentum transfers, B(Cλ, qx) can be expanded in a power series of
the q2x
√
B(Cλ, qx) =
√
B (Cλ, 0)
(
1− q
2
x
2 (2λ+ 3)
R2tr +
q4x
8 (2λ+ 3) (2λ+ 5)
R4tr − · · ·
)
(7.6)
In order to relate B(Cλ, qx) to the γ-ray reduced transition probability B(Eλ, k)
we the Siegert theorem B(Cλ, 0) = B(Eλ, 0) and assume B(Eλ, 0) ≈ B(Eλ, k).
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Here, the transition radius Rtr is defined by
Rntr =
〈rn+λ〉tr
〈rλ〉tr
=
∫
ρλtrr
n+λd3r∫
ρλtrr
λ
d3r
(7.7)
where ρλtr(r) is the transition density of multipolarity λ. One can then write for
the ratio of the transition strengths of the 2+1,2 states:
√
B(C2, q2)
B(C2, q1)
≈
√
B(E2, k2)
B(E2, k1)

1−
q22
14 (Rtr,2)
2 − q
4
2
504
(Rtr,2)
4
1− q
2
1
14R
2
tr,1 − q
4
1
504R
4
tr,1

 . (7.8)
The quantity ∆Rtr = Rtr,2 − Rtr,1 is the difference of the corresponding charge-
transition radii. Here q1,2 denotes qx from Eq. (3.4) with Ex = E1,2 and is written
as a function of elastic momentum transfer q. With that we obtain
√
B(C2, q2)
B(C2, q1)
≈
√
B(E2, k2)
B(E2, k1)

1−
q22
14 (Rtr,1 +∆R)
2 − q
4
2
504
(Rtr,1 +∆R)
4
1− q
2
1
14R
2
tr,1 − q
4
1
504R
4
tr,1

 .
(7.9)
The quantity B(E2, k2)/B(E2, k1) is the ratio of the B(E2) strengths to the sec-
ond and first 2+ states. In Eq. (7.9) the assumption R4tr,1 = (R
2
tr,1)
2 has been
used which is not obvious considering the definition Eq. (7.7). Its justification
and other aproximations are discussed in the following section.
Employing Eqs. (3.4), (5.6), (7.5) and (7.6), the ratio of reduced transition
strengths can be approximated by
√
B(C2, q2)
B(C2, q1)
=
√√√√ [fkinfC (q1, E0, Ex1)] ( dσdΩ)Eλ,2+2
[fkinfC (q2, E0, Ex2)]
(
dσ
dΩ
)
Eλ,2+
1
= RF(q)
√
A2
A1
(7.10)
with
RF(q) =
√
[fkinfC (q1, E0, Ex1)]
[fkinfC (q2, E0, Ex2)]
(7.11)
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and finally by combining Eqs.(7.9) and (7.10)
RF(q)
√
A2
A1
≈
√
B(E2, k2)
B(E2, k1)

1−
q22
14 (Rtr,1 +∆R)
2 − q
4
2
504
(Rtr,1 +∆R)
4
1− q
2
1
14R
2
tr,1 − q
4
1
504R
4
tr,1

 ,
(7.12)
where the indices 1, 2 indicate the transitions to the 2+1 and 2
+
2 state, respectively.
RF denotes the ratio of kinematic functions
√
fkin,2/fkin,1. The experimental ratio
depends on the square root of the ratio of the peak areas
√
A2/A1 only.
7.2 Tassie Model
The Tassie model is a hydrodynamical model applicable for non-uniform nuclear
charge and mass density distributions. Excited states are described as oscillations
of the shape of the nucleus. They are deviations from the spherical symmetry of
the mass and charge distributions of the nucleus with radius r0 [76]. The model
should thus provide a good approximation for collective transitions in vibrational
nuclei. The following discussion is restricted to charge densities ρ0(r) of spherical
symmetry. No deformation effects are considered. It is assumed that in treating
low-lying nuclear energy levels, the radial dependence of the density distributions
does not change appreciably.
For the excited states we assumed that under distortion, the element of the charge
distribution changes without any alteration of the volume, i.e.
ρ(r) = ρ0(r0), (7.13)
which means that each element of mass and charge is incompressible. The shape
of the distortion, which is the difference between the charge density distributions
of the ground and the excited states, is then given by [76]
r − r0 =
∑
l=2, m
αlm(r0)Ylm(Θ, ϕ)r
l−1
0 (7.14)
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where Ylm is the spherical harmonic.
In the Tassie model the transition densities are given by [76]
δρλ(r) = r
λ−1dρ0(r)
dr
ρ0(r) =
ρ0
1 + exp[α(r − r0)]
(7.15)
i.e., ρ0(r) has the form of the Woods-Saxon mean field and R0 = r0A
1/3 is the
nuclear radius.
In the following we use the Tassie model to study the effect of the Coulomb
corrections on the extraction of the transition radius difference and on the ex-
trapolated value of the ratio of the B(E2) strengths using Eq. (7.12). Another
important question is the sufficient number of q2n terms of the expransion (7.6)
to be included in Eq. (7.12) in order to get the best result in the region of exper-
imentally covered momentum transfer. Finally it is investigated to what extent
R4tr and R
6
tr can be approximated by (R
2
tr)
2 and (R2tr)
3, respectively.
The analysis is performed for the case of 92Zr but the results are also representa-
tive for the other nuclei studied.
7.2.1 Model parameters
In order to stay close to the experimental conditions we have adjusted α, r0,
and ρ0 parameters in (7.15) so that the transition density of the Tassie Model
reproduces the surface behavior of δρλ(r) for the 2
+
1 state of
92Zr calculated within
the QPM. However, for the 2+2 state we have arbitrarily reduced the value of r0,
which allows us to subsequently test how accurate our method is in the case of
a large difference of the transition radii for the two states. The corresponding
transition densities are plotted in Fig (7.1). The dotted and dashed lines are the
transition density of the 2+1 and the 2
+
2 states with the parameters α = 1.85 fm
−1,
ρ0 = 4.9 · 10−3 e2fm−3 and r0 = 0.965 fm−1 (2+1 ) and r0 = 0.800 fm−1 (2+2 )
respectively.
7.2.2 DWBA analysis of the charge transition densities
In this section we extracted the corresponding form factors within a DWBA
approach that can then be used in our experimental conditions. A set of (Ex, q)
50
0 5 10
r,  fm
0
0.005
0.01
δρ
λ(r
) (
e f
m-
3 )
21
+
22
+
QPM
Figure 7.1: Radial charge transition density distribution of the excitation of the
2+1 state in
92Zr from QPM calculations (dotted line). The solid line
is the charge transition density of the 2+1 in the Tassie model adjusted
to the QPM. The dashed line is the charge transition density of the
2+2 assumed in the Tassie model.
values covering the typical energy and momentum transfer range of the data
discussed in the following section is given in Tab. 7.1.
Table 7.1: Scattering angles and corresponding momentum transfers for typical
excitation energies of the 2+1 and 2
+
1 states and the elastic momentum
transfers.
(Ex = 0.0 MeV) (Ex = 1.0 MeV) (Ex = 2.5 MeV)
Θ q2 (fm−2) q2
2+
1
(fm−2) q2
2+
2
(fm−2)
60o 0.1258 0.1241 0.1215
85o 0.2297 0.2265 0.2217
110o 0.3377 0.3329 0.3258
135o 0.4296 0.4235 0.4144
160o 0.4881 0.4812 0.4709
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The calculated form factors |F (q2)|2 = (dσ/dΩ)/(dσ/dΩ)Mott(top) and their ra-
tios (bottom) are presented in Fig. 7.2. Furthermore we have calculated the rel-
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Figure 7.2: (top) Momentum transfer dependence of the form factors of 2+1 (line
with triangles) and the 2+2 (line with squares) states. (bottom) Mo-
mentum transfer dependence of their ratio.
ative quantities to test Eq. (7.12) from the transition densities shown in Fig. 7.1.
The B(E2) strengths, transition radii for the 2+1 and the 2
+
2 states, and the second
and forth momenta of the charge transition radii are summarized in Table 7.2.
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The ratio of the B(E2) strengths in this case is B(E2, gs → 2+2 ) / B(E2, gs →
2+1 ) = 0.2158 and the transition radius difference obtained from this calculations
is ∆R = −0.55 fm.
Table 7.2: The calculated B(E2) strengths and the transition radii for the 2+1
and the 2+2 states and the second and forth momenta of the charge
transition radius
Ex r0 B(E2) R
2
tr R
4
tr
0+ 0.0
2+1 1.0 0.965 719.6 30.218 1081.321
2+2 2.5 0.800 155.3 24.473 746.259
7.2.3 PWBA analysis of the charge transition densities
In order to test our model-independent analysis for the electron scattering data,
we have used Eq.(7.12) to calculate the momentum transfer dependence of the
ratio of the reduced transition probabilities for the fixed value of the transition
radius of the 2+1 state (Rtr,1) and five different values of the transition radius
difference (∆R = −0.08, −0.38, −0.55, −0.73, −1.04) fm. The obtained curves
were normalized to the ratio given in Tassie calculations (doted line in Fig. 7.3)
at the lowest momentum transfer q = 0.1258 fm−2
√
B(C2, q2)
B(C2, q1)
≈
√
B(E2, k2)
B(E2, k1)
√
fc(2
+
2 )
fc(2
+
1 )

1−
q22
14 (Rtr,1 +∆R)
2 − q
4
2
504
(Rtr,1 +∆R)
4
1− q
2
1
14R
2
tr,1 − q
4
1
504R
4
tr,1

 ,
The corresponding curves in Fig. 7.3 for the different ∆R values show a signif-
icant sensitivity to the transition radii difference. For ∆R = −0.55 fm there is
a very good agreement between the DWBA and the model-independent analy-
sis. Furthermore, the extracted ratio of the E2 excitation strengths at the same
∆R = −0.55 fm equals 0.2147, i.e. it deviates only about 0.5% from the value
obtained from integrating the Tassie transition densities. This means that we
were able to reproduce the ratios of the DWBA results within the PWBA with
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good accuracy. Figure 7.3 also shows that the ratio of the B(E2) values does
not change dramatically when the transition radii difference changes. These cal-
culated ratios of the form factors are normalized to the model data at very low
momentum transfer, where the Coulomb corrections ratio approaches one.
Figure 7.3: Ratio of the form factors as a function of the squared momentum
transfer for a given B(E2) ratio and five different transition radii dif-
ferences using Eq.(7.12) in comparison to that extracted from the
DWBA analysis (Solid lines) for the assumption that R4tr,1 = (R
2
tr,1)
2
(Dashed lines) for calculated values of R2tr,1R
4
tr,1.
Another important question is whether the ratio of the Coulomb corrections of
the two states depends on the transition radii difference. We have taken five
different values of the squared momentum transfer given in Fig. 7.4 and for each
value calculated the ratio of Coulomb corrections fc(2
+
2 )/fc(2
+
1 ) for transition
radii differences ∆R = 0 − 2fm.
Figure 7.4 shows that the ratio of the Coulomb correction change solely slightly
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for small transition radii difference as expected for 92Zr but for large transition
radii differences this ratio can change appreciably. That means that the Coulomb
corrections do not cancel and have to be included explicitly in the analysis if a
considerable transition radii difference is expected.
Figure 7.4: Dependence of the ratio of the Coulomb corrections on the transition
radii difference.
In the Eq. (7.12) the assumption R4tr,1 = (R
2
tr,1)
2 have been used. The employment
of R4tr,1 instead of (R
2
tr,1)
2 in the Eq. (7.12) exhibits no substantial deviations, as
shown by the dashed lines in Fig. (7.3).
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8 B(E2) strengths and the transition
radii difference
Here, we discuss the application of the new method for a model-independent
determination of the ratio of the E2 transition strengths and the transition radii
difference of fully symmetric and mixed-symmetric one-phonon excitations in
heavy vibrational nuclei presented in the previous section.
8.1 92Zr
As shown in Eq. (7.12), the ratio of the B(E2) strengths and the transition radii
difference between the 2+1 and 2
+
2 states depends only on the peak areas calculated
from the measured electron scattering spectra. The measured peak areas and
the ratio of the kinematical functions RF (q) defined in Eq. (7.11) are given in
Table 8.1.
Table 8.1: Peak areas of electroexcitation of the 2+1,2 states in
92Zr and the ratio
RF of the 2
+
1,2 kinematical functions defined in Eq. (7.11).
Θ q2 (fm−2) 2+1 2
+
2 RF
69◦ 0.127 15692(518) 8161(395) 1.0148
81◦ 0.171 92140(925) 46317(565) 1.0146
93◦ 0.214 11587(252) 6055(186) 1.0146
117◦ 0.299 1688(70) 851(59) 1.0143
Figure 8.1 shows the Coulomb-correction factors calculated with the QPM for
the transitions to 2+1 (middle) and 2
+
2 (top) states in
92Zr together with their
ratio (bottom) as a function of q. The ratio is unity to better than 1 % over the
range of the momentum transfer included in our experiments. Consequently, the
effects from Coulomb distortion can be neglected in a relative analysis, and the
extraction of the B(E2) ratio can be achieved with improved accuracy, since sys-
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tematic errors in the determination of absolute cross sections cancel each other.
Figure 8.2 shows a plot of RF
√
A2/A1 as a function of the squared elastic mo-
R
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x
Figure 8.1: Momentum-transfer dependence of the Coulomb corrections for the
transition to the 2+1,2 states in
92Zr for an incident electron energy
E0 = 63 MeV.
mentum transfer. A fit of Eq. (7.12) to the data has 3 parameters, viz. the ratio
of B(E2) strengths, Rtr,1 and ∆R. In a first step, Rtr,1 = 5.6 fm is fixed using
the QPM results. A χ2-minimization of Eq.(7.12) to the data then determines√
B(E2; 2+2 )/B(E2; 2
+
1 ) = 0.720(8). With the B(E2; 2
+
1 ) value from Tab. 6.2, we
obtain B(E2; 2+2 ) = 3.32(27) W.u.. The second parameter ∆R in Eq. (7.12) is a
measure of the change of the proton transition radii between both 2+ states. The
fit of Eq. (7.12) leads to ∆R = −0.18(65) fm, where the uncertainty is dominated
by the limited number of data points.
One way to improve the fit is the inclusion of the results of Ref. [16] providing
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an additional data point at q0 = k. The resulting fit (solid curve) with 1σ error
bars (dashed curves) shown in Fig. 8.2 leads to ∆R = −0.12(51) fm consistent
with equal proton transition radii.
0.65
0.70
0.71
Figure 8.2: Ratio of the reduced transition probabilities of the 2+ MSS and FSS
(solid squares) of 92Zr as a function of the squared elastic momentum
transfer q0. An additional data point (full circle) at q
2
0 = k
2 stems
from the ratio of B(E2) strengths obtained from γ-decay lifetime
measurements [16]. The solid line is a fit of Eq. (7.12) with 1σ error
bars given by the dashed lines.
In order to discuss a possible dependence of the result on a variation of the abso-
lute size of the charge transition radius Rtr,1 [42], we have repeated the analysis
for 9 different values of Rtr,1 between 4.6 and 6.7 fm, thereby overexhausting
the range of possible values expected from model calculations and from the phe-
nomenological finding that the transition radii of collective excitations differ not
too much from the radius of the nuclear ground state [43]. As demonstrated in
Fig. 8.3, the deduced difference of the charge transition radii is independent of the
choice of Rtr,1. This is particular interesting in view of the recent results of Walz
et al. [18] providing evidence for a significant difference of the neutron transition
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Figure 8.3: Evolution of the charge-transition radii difference between the 2+1 and
2+2 states in
92Zr obtained from Eq. (7.12) as a function of the tran-
sition radius Rtr,1. the arrow indicates the prediction of the QPM
calculation.
radii for these two states, while their proton transition radii are expected to be
very close based on QPM calculations. This may serve as a new experimental
signature of MSS in vibrational nuclei with a specific shell structure. The present
results fully confirm this conclusion.
The ratio of B(E2, 2+) values are in agreement with Ref. [16] and with the value
obtained above from the DWBA analysis. While the ratio can be determined
precisely with an uncertainty of about 1%, the accuracy of the absolute value is
presently limited by the error of the B(E2; 2+1 ) value in the literature.
8.2 94Zr
94Zr has four neutrons beyond the N = 50 closed shell and 40 protons. Table 8.2
shows the measured peak areas of the 2+1,2 in
94Zr deduced from the (e, e
′
) ex-
periment described in section 4 and the ratio of the kinematical functions RF (q)
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defined in Eq. (7.11).
Table 8.2: Peak areas of electroexcitation of the 2+1,2 states in
94Zr in units of
counts and the ratio RF of the 2
+
1,2 kinematical functions defined in
Eq. (7.11).
Θ q2 (fm−2) 2+1 2
+
2 RF
69◦ 0.166 4796(271) 4455(839) 1.0106
81◦ 0.218 27431(394) 21981(394) 1.0106
93◦ 0.273 55823(458) 43789(367) 1.0106
165◦ 0.509 852(49) 785(40) 1.0064
Figure 8.4 shows a plot of RF
√
A2/A1 as a function of the squared elastic mo-
mentum transfer.
In the fit of Eq. (7.12) to the data we have fixed the Rtr,1 to the same value as for
92Zr, Rtr,1 = 5.6 fm. In this case we only have two parameters, the ratio of B(E2)
strengths and ∆R. A χ2-minimization of Eq.(7.12) to the data then determines
B(E2; 2+2 )/B(E2; 2
+
1 ) = 0.823(46) in contradiction to the result from Ref. [64]
(B(E2; 2+2 )/B(E2; 2
+
1 ) = 1.63(37)) but in a very good agreement with Ref. [63],
who find B(E2; 2+2 )/B(E2; 2
+
1 ) = 0.79(10). With the value B(E2; 2
+
1 ) = 4.9(11)
W.u. from Ref [63], we obtain using our result B(E2; 2+2 ) = 4.0(13) W.u.. This
demonstrates again that a PWBA analysis of the electron scattering data is a
very good tool, which can be applied for heavy nuclei, to extract the ratio of the
g.s. B(E2) transition strengths precisely in a relative analysis.
We can find that the mixed-symmetric 2+2 in
94Zr still has relative weakly E2
transition in agreement with the known signature for symmetry and mixed sym-
metric one phonon excitations. Concerning the transition radii difference, the fit
of Eq. (7.12) leads to ∆R = −0.24(34) fm, where the uncertainty here is domi-
nated by the energy resolution of the electrons beam and the limited number of
data points. Again the value is compatible with 0.
The combined analysis of (p, p
′
) and (e, e
′
) will provide test of the applicability
of the conclusion [18]. The sign change of the leading proton and neutron com-
ponent between FSS and MSS can be measured by comparison of proton and
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Figure 8.4: Ratio of the reduced transition probabilities of the 2+ MSS and FSS
(solid squares) of 94Zr as a function of the squared elastic momentum
transfer q0. An additional data point (full circle) at q
2
0 = k
2 stems
from the ratio of B(E2) strengths obtained from γ-decay lifetime
measurements [64]. The solid line is a fit of Eq. (7.12) with 1σ error
bars given by the dashed lines.
neutron transition radii.
In order to examine the dependence of the result on a variation of the absolute
size of the charge transition radius Rtr,1. We have repeated the analysis described
for 92Zr, Fig. 8.5 shows that the extracted ∆R is independent of the choice of
Rtr,1.
8.3 94Mo
94Mo is formed by Z = 42 protons with two protons out of the subshell-closure
and N = 50 with two neutron out of the shell-closue. The picture of multi-phonon
structure of MSS in vibrational nuclei was fully confirmed in 94Mo [11]. In this
section we apply the new PWBA relative analysis on the electron scattering data
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Figure 8.5: Evolution of the charge-transition radii difference between the 2+1 and
2+2 states in
94Zr obtained from Eq. (7.12) as a function of the tran-
sition radius Rtr,1.
taken from the Ref [12]. It is thus particularly suited to test the applicability of
the new PWBA analysis and the predicted relation between the signs of domi-
nant proton and neutron configurations of FSSs and MSSs, respectively, and the
difference of proton and neutron transition radii. The measured peak areas and
the ratio of the kinematical functions RF (q) are summarized in Tab. 8.3.
Table 8.3: Peak areas of electroexcitation of the 2+1,3 states in
94Mo in units of
counts and the ratio RF of the 2
+
1,2 kinematical functions defined in
Eq. (7.11).
Θ q2 (fm−2) 2+1 2
+
3 RF
93◦ 0.265 8496(154) 1708(67) 1.01717
117◦ 0.366 35896(357) 7628(133) 1.01699
141◦ 0.447 13781(165) 3209(92) 1.01626
165◦ 0.538 852(34) 211(17) 1.00928
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Figure 8.6: Ratio of the reduced transition probabilities of the 2+ MSS and FSS
(solid squares) of 94Mo as a function of the squared elastic momentum
transfer q0. The solid line is a fit of Eq. (7.12) with 1σ error bars given
by the dashed lines.
In this case, a χ2-minimization of Eq.(7.12) to the data given in Tab 8.3 then
determines B(E2; 2+2 )/B(E2; 2
+
1 ) = 0.192(1) which is in very good agreement
with the value extracted from the QPM form factors scaled to the electron scat-
tering data B(E2; 2+2 )/B(E2; 2
+
1 ) = 0.193(4) [12]. This ratio does not agree with
Ref. [11] B(E2; 2+2 )/B(E2; 2
+
1 ) = 0.138(2) (see Fig. 8.6). The fit shows also a
large non-zero ∆R = −0.75(12) fm.
In order to understand this result we need to investigate the momentum transfer
dependence of the ratio of the Coulomb corrections of the 2+1 and 2
+
3 states. For
this purpose the momentum transfer dependence of the form factor calculations
in the Tassie model (section 7.2) have been adjusted to reproduce the experi-
mental data as shown in Fig. 8.7: changing the parameter r0 we obtained the
correct position of the maximum of the form factor and the parameter ρ0 to ad-
just the absolute value of the cross sections to data for both states. The extracted
momentum transfer dependence of the form factors have been used to calculate
the Coulomb corrections. As it is shown in Tab. 8.4 there is a clear momen-
tum transfer dependence of RF leading to a difference of more than 10% of the
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Figure 8.7: The momentum transfer dependence of the form factor in Tassie
model (solid line) adjusted to the experimental data.
Table 8.4: Momentum transfer dependence of the individual states and of the ra-
tio of the Coulomb corrections of the 2+1 and 2
+
3 states in
92Mo deduced
from the Tassie model
Θ q2 (fm−2) fC,2+
1
fC,2+
3
RF
93◦ 0.265 1.1617 1.2474 0.9816
117◦ 0.366 0.9367 1.0537 0.9589
141◦ 0.447 0.7458 0.8934 0.9285
165◦ 0.538 0.5471 0.7067 0.8880
highest measured momentum transfer. The ratio of Coulomb corrections factors
thus needs to be included explicitly in the analysis. Indeed, a χ2-minimization
of Eq.(7.12) to the data given in Tab 8.3 including the ratio of the Coulomb
corrections to the kinematic factor RF leads to B(E2; 2
+
2 )/B(E2; 2
+
1 ) = 0.188(1)
i.e., the deduced B(E2) strength ratio hardly changed. The fit results, shown in
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Figure 8.8: Ratio of the reduced transition probabilities of the 2+ MSS and FSS
(solid squares) of 94Mo as a function of the squared elastic momentum
transfer q0. An additional point (full circle) at q
2
0 = k
2 stems from
the ratio of B(E2) strengths obtained from γ-decay lifetime measure-
ments [11].The solid line is a fit of Eq. (7.12) with 1σ error bars given
by the dashed lines.
Fig. 8.8, leads to a value ∆R = −0.13(5) fm which does not agree with 0.
8.4 Discussion of results
Summarizing the findings from the analysis of (e, e
′
) data on 2+ MSS in 92Zr,
94Zr and 94Mo one can make the following observations:
(i) The ratio of B(E2) strengths of MSS and FSS 2+ states can be determined
with high precision using the PWBA analysis introduced in Section 7. This is
valid even if the assumption that the ratio of Coulomb corrections cancels at all
momentum transfers does not hold. At the very small momentum transfer cor-
responding to the photon point (q = Ex/~c ≈ 0.01 fm−1), the ratio of Coulomb
corrections always approaches one although the corrections for the individual
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transitions may be large.
(ii) For 92Zr, the ratio of B(E2) strengths to the 2+ states is in a good agreement
with the QPM predictions and with previous γ-decay lifetime measurements. The
uncertainty of the B(E2) value for the MSS is now limited by the experimental
error bar for the B(E2) strength to the 2+1 state.
(iii) The B(E2) strength of the 2+2 state of
94Zr is smaller than the B(E2) value
of the 2+1 state in contrast to the claim of [64] but in agreement with the result
of Ref. [63]. Indeed, this anomaly has led to considerable discussion because it
cannot easily interpreted in models successfully describing low-energy vibrations
in heavy nuclei. Since both previous results have been obtained with the same
experimental method, the independent confirmation of the result of Ref. [63] by
the present data is of importance.
(iv) The B(E2) ratio deduced from the (e, e
′
) experiments differs from the lit-
erature value in 94Mo. Since the B(E2) strength to the MSS agrees with a
γ-decay lifetime measurement [11], the problem must be in the data determin-
ing B(E2; 2+1 → 0+1 ). The available experimental results, mainly from Coulomb
excitation, do show considerable scattering [77]. Thus, a new independent mea-
surement of the B(E2; 2+1 → 0+1 ) value in 94Mo data with an accuracy better
than 30% is needed.
(v) In general, the accuracy of the new method is limited by the experimental
knowledge on the B(E2; 2+1 → 0+1 ) strengths. Because many of the experiments
determining B(E2; 2+1 → 0+1 ) values are quite old and show large scattering of
results from different experiments [77], it provides a test of these values in cases
where the B(E2) value to the MSS is known from other data.
(vi) Proton transition radii differences in 92,94Zr are compatible with zero within
error bars. In Ref. [18], the relative sign of dominant proton/neutron components
of the 2+ state wave functions is related to the respective transition radii. The
present result provides experimental confirmation of the microscopic prediction
that in vibrational nuclei above the N = 50 shell closure the sign of proton com-
ponents remains unchanged between FSS and MSS. The similarity confirms also
the one-phonon picture of these symmetric and mixed-symmetry states.
(vii) In case of 94Mo the assumption that Coulomb corrections cancel does not
hold. At higher momentum transfer the deviation is non negligible, e.g. at
q2 ≈ 0.5 fm−2 the ratio of the Coulomb corrections is about 0.89. However, this
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dependence can be corrected within the Tassie model approach, where the ap-
plied Coulomb corrections do not depend on the detailed structure but the only
assumption is collectivity.
The transition radii difference deduced in 94Mo is more precise because of the very
good statistics and the larger q range. The result, ∆R = −0.13(5) fm, differs from
zero. In the model of Ref. [18] where transition densities are decomposed into
leading two-quasiparticle and collective parts, a reduction of the transition radius
of MSS with respect to FSS implies a shifting of the proton density to smaller
radius R. Because the contribution of the two-quasiparticle component peaks at
lower R compared to the collective part, such a result implies an increase of the
proton two-quasiparticle amplitude in the wave function of the MSS.
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9 Summary and outlook
The nature of one-phonon symmetric and mixed-symmetric 2+ states in 92Zr and
94Zr has been investigated through inelastic electron scattering. Results from the
QPM confirm the dominant one-phonon structure of the transitions to the first
and second 2+ state. Transition strengths are determined from a comparison of
the experimental cross sections to the QPM results.
A new method for the extraction of the ratio of the B(E2) strengths of the sym-
metric and mixed-symmetric 2+ states and the charge transition radii differences
between these states in vibrational nuclei from electron scattering data is intro-
duced based on a PWBA analysis. It allows to extract the B(E2) strengths ratio
in the nuclei 92Zr, 94Zr and 94Mo with high precision. It is demonstrated that this
ratio is fully independent of the momentum transfer dependence of the Coulomb
corrections for the two states.
The method also provides information on the difference of proton transition radii
between MSS and FSS. According to the present results the differences of pro-
ton transition radii in 92,94Zr are compatible with zero while a small deviation
is observed in 94Mo. In the interpretation of Ref. [18] the comparable proton
transition radii difference of FSS and MSS confirms the microscopic prediction
that the isovector character of the MSS arises from a sign change of the leading
neutron quasiparticle components of the wave function, while the proton compo-
nents remain essentially unchanged. For 94Mo, the deviation from zero may be
interpreted as a larger amplitude of the leading proton quasiparticle component
in the MSS wave function.
In general, the present results demonstrate that in combination with experimen-
tal information on the neutron transition radii (derived e.g. from the matter
transition radii measured in (p, p
′
) experiments) one can test details of the quan-
tum mechanical wave functions of the quadrupole low-energy structure in heavy
nuclei. In order to establish the predicted new signature of MSS in this shell
region experimental information on the neutron transition radii in 94Zr is needed.
Such data have been taken recently of iThemba LABS, and are presently ana-
lyzed. Further tests of the applicability when moving away from the N = 50 and
Z = 40 shell closures are important. Candidates for such investigations are 96Zr
and 96Ru.
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